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FOREWORD

This report is published by the Aerospace Corporation, El Segundo,
California, under Air Force Contract No. AF 04(695) -669. The report was
authored by Charles C. Tonies and other members of the technical staff of
Aerospace Corporation as part of a continuing support effort extended by the
Computation and Data Processing Center to the Satellite Systems Division.

This report describes a computer program which was developed during
the period 1 November 1964 through t March 1966. The report was submitted
on 9 September 1966 to Captain Michael A. Ikezawa, SSTDG, for review and
approval.

The computer program (TRACE) has evolved over the past five years at
Aerospace Corporation from an original version designed by M. M. Bennett,
R. J. Mercer, D. D. Morrison, L. C. Sachnoff, and C. C. Tonies. Subse-
quent analysis and programming contributions have been made by D. A. Adams,
C. C. Christensen, D. E. Groves, R. L. Hale, K. W. Hubbard, A. R.
Jacobsen, J. D. Ostlie, A. J. Skulich and, recently, G. Buechler, P. A.
Thompson, and D. C. Walker. Much of this material has been collected and
revised, with their help, for publication at this time. This TRACE-D docu-
ment, like the TRACE-D program, is the result of a joint effort.

The contributions of Messrs. Bennett, Hubbard and Mercer require
special mention. They have been especially active in TRACE related acti\ -
ties and major parts of this document are due to their efforts. Finally, the
editorial assistance provided by Mr. C. R. Feller is gratefully acknowledged;his many hours of diligent and conscientious attention were invaluable.

Information in this report is embargoed under the U.S. Export Control
Act of 1949, administered by the Department of Commerce. This report may
be released by departments or agencies of the U.S. Government to depart-
ments or agencies of foreign governments with which the United States has
defense treaty commitments. Private individuals or firms must comply with
Department of Commerce export control regulations.

Approved

T. R. Parkin, Director C. W. Miller, Associate
Computation and Data Processing Center General Manager, Satellite
Electronics Division Systems Division

Publication of this report does not constitute Air Force approval of the
report's findings or conclusions. It is published only for the exctange andstimulation of ideas.

MICHAEL A. IKEZA ., Capt.
Project Officer, SSTDG

Space System Division
Air Force Systems Command
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ABSTRACT

The TRACE-D computer program is designed for use on the IBM

7094 machine as the principal tool in design and analysis studies of

all aspects of orbital operations. Its principal characteristics are

completeness of the equations of motion, a comprehensive set of

differential d-rrection parameters, and the ability to simultaneously

process observations of several satellites taken by a number of

different types of sensors. The report includes objectives, equa-

tions, program structure, and complete instructions Yor input data

preparation and program operation.
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SECTION 1

INTRODUCTION

1. 1 OBJECTIVES

The principal value of this document will lie in its usefulness as a technical

reference manual and usage guide for people who work with the TRACE-D
program. Sections 3 (equations), 4 (program structure), and 5 (usage) are

devoted entirely to that purpose. Some theoretical background is given in

Section 2 in the interest of technical completeness. The material in Section I
is presented as an introduction to both the TRACE-D program and the principal

problem of concern to those who use TRACE-D.

The basic objective of the TRACE-D Orbit Determination Pro gram (written for

the IBM 7094) is to meet the needs of members of the technical staff at Aero-

space Corporation for a multipurpose, flexible computational tool for applica-

tion to problems in orbit analysis. That statement of objective, however,

does not fully characterize the piogram itself. A more interesting and useful

statement necessarily includes some description of the specific problems to

which the program is addressed, a discussion of program characteristics,

and some explanation of how the two are related.

Sections 1. 2 and 1.3 therefore include some materisI related to the nature

of the orbit determination problem and to the manner in which TRACE-D

is applied. Specific characteristics of the program are given in the context of

the problem description. This may be a disadvantage to the reader w1o wants

to know specifically what the program does or does not contain, but subsequent

sections, specially Sections 4 and 5, will be useful for this. It is assumed that

anyonc -Who is interesLed in TRACG.-D is also interested in the orbit determina-

tion problem and in some of the physical considerations and the analyti c tech-

nique typically associated with the use of TRACE-D at Aerospace Corporation.

Section 1.4 is devoted to a few remarks about future orbit determination

programs at Aerospace Corporation.
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1.2 GENERAL PROGRAM DESIGN

The idealized design objective for the Aerospace Corporation orbit determina-

tion program would be for a nearly automatic computational tool which would

provide answers to a wide range of problems relating to orbit and tracking

system design, space vehicle performance, and force model analysis. In

designing the artual TRACE-D program, however, considerations of auto-

matic operation were relinquished in favor of flexibility. TRACE-D is not a
"real time" program. It is used by analysts in a research or investigation

environment, and its features are implemented to augment the analytical

ability and imagination of its users.

The force model--i. e., the list of accelerations which appear in the equations

of motion- -is intended to be complete for a near-earth satellite (actually up

to six satellites may be treated simultaneously for orbit determination

purposes). Since these include atmospheric drag and vehicle originated

accelerations and since the entire spectrum of near-earth orbits--all inclina-

*tions and eccentricities, and all altitudes up to 100, 000 miles--must be

considered, numerical integration and the Cowell trajectory formulation are

employed. A rather extensive list of observation types is available for input

to the orbit determination function or for output in the data generation mode.

1.3 MAJOR PROGRAM FUNCTIONS

The program has four major modes of operation: ephemeris generation or

trajectory, orbit determination, data generation, and residuals analysis.

These are all related in some direct way to the orbit determination problem,

although all the functions are used extensively in solving a variety of associ-

ated problems. The characteristics of these four functions and a few

specific applications examples'are given in Section 1. 3. 1 through . 3.4.

13.1I Ephemeris enrto(Tjcty)Mode3C

Basic to all TRACE-D functions is generation of a time history of the positions

of the orbiting object in inertial space. For example, an ephemeris is neces-
sary to calculate the "computed" or estimated observations that are required

C,
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in the orbit determination, data generation, and residuals analysis modes.

Hence, every TRACE-D run involves either calculation of an ephemeris for

one or more satellites or use of previously generated ephemeris information

which has been stored on magnetic tape. In addition, the inertial ephemeris

(trajectory) of a satellite, as well as associated quantities such as the ground

track and altitude history, often are of interest in themselves.

Given the appropriate input data, the object of the trajectory or ephemeris

generation function is to generate the foregoing types of information. The

motion of an orbiting object is simulated by numerical integration of the

applicable differential equations of motion. Specifically, the equation- of

motion are represented in the Cowel! formulation., wherein the total accelera-

tion vector is expressed-as three components in a cartesian coordinate system.

The resulting three second-order nonlinear differential equations are inte-

grated directly by using a predictor/corrector technique with time as the

independent variable.

The TRACE-D equations of motion include earth geopotential (gravity) eifects

in the form of a spheri.cal harmonic expansion with provision for zonal har-

monic terms J2 through J10 and all tesseral and sectorial terms through

J6, 6" Effects due to other bodies in the solar system (Sun, Moon, Venus,

Mars, and Jupiter) are computed from inverse-square-law formulas, and

positions of the other bodies are obtained from tabulated coordinates stored

on magnetic tape. Acceleration due to atmospheric drag is assumed to be

directly proportional to the square of the velocity relative to the ... r. Atmos-

pheric density is obtained from one of three different model atmospheres that

are incorporated in the program.

Instantaneous changes in the inertial velocity vector may be applied at specified

times to simulate maneuvers such as orbit adjust cr vehicle separation. Also,

an included low-thrust acceleration term may be used to simulate thrust tailoff

in cases involving large engines, long-term constant thrust,owr, in some in-

stances, leaking tanks or valves.

1-3
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Although the terms of the equations of motion (i. e. , the force model) are

programmed into TRACE-D, the model which is used on any particular run

is to a great extent optional, and the program user may specify terms to be

included in calculating the accelerations by means of indicators supplied at

the time of program execution. In keeping with TRACE-D programming

philosophy of avoiding built-in constants of any kind, all coefficients and

arguments in the equations of motion are loaded at °execution tir ,. and may

be changed at the discretion of the user.

The TRACE-D trajectory or ephemeris generation mode may be employed

for a variety of specific analyses. The comparative listing of associated

inpuL and output quantities given in Table 1-i suggests the range of potential

application. Complete instructions for preparation of trajectory mode

input data and a sample of a typical trajectory mode output listing are

given in Section 5.

1. 3.2 Orbit Determination Mode

Solving the orbit determLnation problem is the principal objective of the

TRACE-D program, consequently not only is it the most important program

feature, but all other major program functions are related to it in some way.

Stated in simplest form, the orbit determination problem consists of extract-

ing information from observations of a satellite in orbit. The observational

data typically are gathered b a network of tracking stations on the surface of

the earth. The information to be extracted from these data nearly always

includee the orbital elements and may include other parameters as well. In

the case of TRACE-D, the information extraction process t.kes the form of

a generalized least-squares differential correction procedure.

Because the problems encountered in orbit determination are numerous and

varied, comprehensive discussion of all related TRACE-D applications is not

possible within the scope of this document. Rather, it is convenient to illus-

trate tae features and characteristics of the TRACE-D orbit determination
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Table 1-1. Input/Output Quantities Assocated with
TRACE-D Trajectory Mode

Input Data Output Data

I. Earth-model constants 1. Satellite inertial position and velocity in rectangular
and srherical coordinates

2. Atmosphere-model constants

2. Magnitudes of geocentric-radius and inertial-
3. Solar system constants velocity vectors

4. Units conversion factors 3. Latitude and longitude of sub-vehicle point

5. Numer cal integration-control constants 4. Altitude above earth

6. Epoch time Items 5. 4 Differences between two trajectoriea in rectangular,
Printed Out spherical, classical element, and orbit-plane

7. Position and velocity or orbital elements at at coordinates
epoch time Regular

Time 6. Time differenc. between corresponding points of
8. Satellite ballistic coefficient Intervals two trajectories

9. Time, magnitude, and direction of velocity 7. * Magnitudes of distjince and velocity difference
increments vectors for two trajectorios

10. Interval, amplitude, and decay rate of low 8. Partial derivatives of trajectory position with
thrust respect to differential-equation parameters

It. Table of time points where output is to occur 9.** Differences between changes in position and
velocity produced by perturbing param,,teri and

12. Parameter selection indicators changes predicted by corresponding calculated

13. Tape-unit numbers for trajectory differencing partial derivatives

1 i ap 10. At time when vehicle crosses ascending node:
i4. Latitudes and longitudes where special print- -Output Items I through 4 above

outs are to occur Classical orbital elements

iS. Minor option indicators Mean and true anomalyNodal regression rate
Rate of advance of the line of apsides

Apogee and perigee radius and altitude
Keplerian, anomalistic, and nodal periods
Revolution number

Items Nodal period I (this set obtained by simple
Printed Out Nodal period decay I differencing rather than by

at Nodal regression 3 formula)
Special

'Tlme Points Ii. At the time of the event:

Crhit adjust magnitude and direction
Magnitude of low thrust at start and stop times

and at ascending node times

12. At the time when the flight path angle passes through
ninety degrees (rouphly at apogee and perigee):

Output Items I through 4 above

13. At the time when the vehicle reaches local maximum
or minimum altitude (when h = 0):

Output Items I through 4 above

*Assoclated with a trajectory differencing.

**Refer to the ptrtial derivatives of trajectory position with respect to selected parameters.
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function by outlin.rg the procedure that would he involved in obtaining the

solution to a hypothetical but typical problem. For example, a satellite

moving for two days in a roughly circular polar orbit (i. e., 90-deg orbital

inclination) at an approximately 100-n mi altitude will execute approximately

sixteen revolutions around the earth and will come into view of a typical

five-station tracking network approximately forty times. Each pass over a

tracking station lasts a maximum of about seven minutes, during which time

station radar equipment might record range, azimuth, and elevation measure-

Tnents at 4-sec intervals. A typical TRACE-D application would be to recon-

structthe time history of the satellite's position in an earth-centered

coordinate system over the entire 2-day period by fitting such a set of track-

ing observations.

It is important to note that the latter requirement implies the necessity to

simulate satellite translational motion over the periods when the vehicle is

out of tracking-network view as well as during its passes over the various

stations. The TRACE-D program simulates orbital motion by using a model

consisting of the differential equations of motion as described in Section 1. 3. 1.

Because these equations define position as a function of time, it is possible to

simulate the motion of a t atellite for any tinie period of interest if initial

conditions for the equations are available. Determination of applicable

initial conditions from observations of a satellite is part of the TRACE-D

orbit determination function.

If the equations of motion for a near-earth satellite, together with associated

physical constants, were completely known and if t..e positions of the tracking
stations were exactly identified, then determination of initial conditions,

either in terms of initial position and velocity or of any equivalent set of six

orbital elements, would constitute a complete solution to e prabiem Tsbe h e
the previously noted reconstruction of a 2-day period. However, the equations

C
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and their constants can in fact be specified only to a certain degree of

accuracy because of such error sources as the following:

a. Incomplete knowledge of.the earth's gravitational field

b. Dynamic fluctuations in atmospheric density

c. Extraneous impulses or thrusts originated by a
satellite itself

d. Uncertainties in the geometrical shape of the earth

and in locations of tracking stations on its surface

e. Computing errors accumulated in the solution of the
equations of motion

It thus is apparent that determination either of initial position and velocity or

of orbital elements is not sufficient to completely define the motion of a satel-

lite at subsequent times, even if their exact values are obtainable.

Although the foregoing factors will always impose a certain degree of in-

accuracy on the TRACE-D computational model, its further "mpLovement,

(- and rt linement remains a continuing objective.

The following sections indicate the manner in which the model problem

interacts with orbit determination investigations in general.

1.3.2.1 TRACE-D Applications

One approach that may be adopted by a TRACE-D user when dealing with a

problem such as that outlined above is to accept the environment model as

programmed and use some "current-best-estimate" set of values for the

associated physical constants. The processing then involves determination of

initial conditions for the differential equations of motion and possibly of

some physical constants directly associated with the satellite system itself.

The seven cantitipc most fr uenftlu deter...--A in TAC,7-h ap,- -- t"_ono a 7c

the six components of the position and velocity vectors at the beginning of the

time interval spanned by the observations and the satellite ballistic coefficient,

which is a scale factor associated with acceleration due to atmospheric drag on

1-7

C.



a vekicle. Because several thousand observations would have been accumulated

even with the limited amount of tracking assumed for the sample situation, a

least squares approach to the resulting overdetermined system is advantageous.

Since it is a safe assumption that overdetermined systems would always arise

in connection with TRACE-D applications even though the number oi quantities

to be determined may be greater than seven and the number of observations

fewer than in the above typical example, the least-squares differential cor-

rection method has been adopted fo, rRACE-D purposes. Throughout this

document the quantities so deterrnined are con-ientionally referred to as

parameters. This process is illustrated schematically in Figure f-1, wherein

it should be noted that a feedback to the beginning of the process, imoplying an

iterative procedure, is indicated.

Nearly every TRACE-D application to orbit determination problems requires

iteration becausL of the usual reason that linear techniques are used to

approximate a process which inherently is nonlinear. The iteration process

ordinarily is continued until the residuals (i. e., the differences between the

actual observations and the computed observations) are minimized in the

weighted least-squares sense. A "one-batch" processing approach is used,

wherein all observations to be fit are processed (i. e. , residuals and cor-

responding partial derivatives are computed) before corrections to the

parameters are computed.

Available TRACE-D parameters are itemized in Section. 1. 3. 2. 2 together with

characteristics of the other major features of the orbit determination function.

S1.3. 2 2 Specific Features of the Orbit Determination Function

The following listings of specific features and options of the TRACE-D orbit

determination function are given for conv, nient reference as well as to
Lcharacterize more clearly the environment of the orbit determination problem.

Complete explanation of TRACE-D program operation is given in Section 5.

C
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1. 3. 2. 2. 1 The Force Model

The satellite is assumed to move in an environment in which the following

physical forces may be acting:

a. Gravitational attraction of the earth (zonal harmonics
through J1 0 and tesseral harmonics through J6, 6 are
included.)

b. Atmospheric drag (three density models are incorporated
in the Trece-D program.)

c. Gravitational attraction of other bodies in the solar system

d. Vehicle-originated forces (instantaneous changes in
velocity (kicks) and a low-thrust effect of exponential
form are available.)

Inclusion of any of these types of forces or of any subset is completely under

the control of the program user through input options.

1. 3, 2. 2. 2 Parameter List

TRACE-D is programmed to determine by differential correction the following C
quantities:

a. Initial position and velocity components in either spherical,
rectangular, or classical element form for up to six
independent orbital arcs

b. Reciprocals of ballistic coefficients (CDA/W) for up to
six different satellites

c. Up to six velocity increments (kicks) for one satellite

d. Amplitude and time constant for an exponentially
decaying low thrust

e. Zonal harmonic coefficients J 2 through J 10 and all tesseral
harmonics J-, 1 through J6, 6

f. Constaat biases on all types of observations

g. Scale factors for range and range-rate observations

h. Time biases (i. e. , biases in reported times at which
observations were made)

i. Latitudes, longitudes, and altitudes above sea level of up
to £00 observing stations

io



On any one computer run any set of the foregoing quantities may be selected

as parameters to be determined by means of differential correction, subject

to a maximum limit of sixty items from items a through e above and a maxi-

mum of one hundred items total.

1. 3. 2. 2. 3 Observation Types

'Phe following types of observations are accepted by TRACE-D:

a. Slant range

b. Local azimuth

c. Local elevation

d. Topocentric right ascension

e. Topocentric declination

f. Topocentric hour angle

g. Geocentric right ascension

h. Geocentric declination

i. Horizon sensor outputs

j. Altitude above the earth

k. Earth-fixed geocentric rectangular coordinates

1. Range rate

m. Differences in range and range rate between two stations

1.3,2 . 2. 4 Residuals Editor

Each time an iteration is carried out, the residuals are subject to an editing

criterion. In general terms, the criterion is determined by the root-mean

square (RMS) value for all residuals on the previous iteration which carried

the appropriate tracking station and observation-type identifiers. For example,

the RMS value of the residuals for range data from Station A is ased to editthe

range residuals for Station A on the subsequent iteration. An important by
__ w aa 4  - ........ .. .......- . . 1... sttz r "pr.... ..t f this-----------i------- i. b LtL±ion aCLLU 'UY

observation type, or even by pass and observation type, at the end of each

iteration.
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1. 3. 2. 2. 5 Weights

In general, observations are given a priori weights by station and obscrvdation

type. The twofold purpose of the weights is to normalize units so that differ-

ent types of observations may be mixed in the least-squares process and to

adjust their relative influence in the process of fitting observations of dif-

ferent accuracies. An important example of use of weights is zero weighting.

If observations from a certain source are given zero weights they will have

no influence in determining the values of the pararneters, but corresponding

residuals will appear and the RMS summary of residuals will be given. Non-

zero weights may be thought of as divisors--the smaller the n(Imber, the

greater the influence of the associated observations.

1. 3. 2. 2. 6 The Correlation Matrix

A by-product of the least-squares process is the inverse normal matrix. If

certain assumptions are made regarding the statistical properties of the

observation errors and the linearity of certain partial derivatives, this matrix
may be interpreted as a variance /covariance matrix for the parameters.

A correlation matrix is computed from the inverse normal matrix by the

'program. Premised by the -ame assumptions, elements of this matrix

may be interpreted as a measure of the correlation among parameter estimates.

. 3.2. 3 TRACt-D As An Analytical Tool
Additional insight into the use of TRACE-D as a tool for analysis of Satellite

motion may be gained by further consideration of the 2-day arc-fitting prob-

lem discussed above. Assuming the previously described seven-parameter

fit approach were adopted as a typical first step, the program would be put

into execution and the least-squares differential correction process would be -

continued to convergence, which in practice is obtained when no significant
further reduction in the numerical value of the RMS of all weightec residuals

is obtainable. It is important to realize that corrections to the parameters
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do not become arbitrarily small near convergence in accordance with

theoretical prediction, but that the very best that can be expected in reduc-

tion of correction size is to approach the level of round-off error. Often it

is not possible to obtain even this degree of resclution because of contributions

from other error sources such as those previously itemized in Section 1. 3. 2,

and because the parameters are correlated- -correction to one may be partially

equivalent to correction to another.

The interaction of convergence behavior and a typical model error may be

illustrated by supposing that convergence occurs sonewhat more slowly than

experience would indicate for this type of fit, requiring perhaps six iterations

(no more than three would normally be involved with correct model selection

and all data consistent), and that convergen-_e resolution also was poor; i. e.

the magnitudes of the corrections with respect to the parameters remain large

when the residuals RMS value has apparently reached its lowest value. Using

output from the final iteration for construction of corresponding residual

( patterns, plots of range data residuals versus time, for example, might be

of the gereral form shown in Figure 1-Z, where each graph represents one

pass (approximately four minutes) over some radar station and obviously

exhibits a systematic pattern in addition to the expected random noise.

AR AR, (2)

0. I10• 00

040

0,

Figure 1-2. Typical Plots of Range Data Residuals
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It should be noted that in this case the magnitudes of residuals for all other

types of observations would be found to be large compared to the known

quality of the data, and also that all the patterns of residuals versus time

would be systematic.

Although the values of the initial conditions and drag parameters given by the

last iteration of the run could be accepted as the solution at this point, the

fact that something is obviously not right with the fit would indicate that an

ephemeris derived from those parameters could not be expected to be very

accurate. Consequently, the first stp that might be applied by experienced

analysts in this situation would be to determine whether some bad data have

been included in the fit, since a batch of obs-ervations that are completely

inconsistent with all others present will prevent acceptable convergence.

Ordinarily a check of the listing of residuals produced on the last iteration

of the run will serve to answer this question since residuals for observa-

tions that are grossly inaccurate will stand out by virtue of magnitude pro-

vided that the majority ofthe data are not grossly inaccurate. If a group of (
offendinj observations is detected, it may of course be dela.ted, which is the

usual procedure if the bad data constitute a small fraction cf the total set and

if the reason for the poor quality is either known or not of interest.

In cases where a significant amount of data appears to be ii error, additional

investigation is usually required. The listing of residuals will often reveal

correlation between large residuals and a station designation, which would

occur when a station is reporting especially noisy or biased observations,

when the station clock is inaccurate, or when the specified station location

is incorrect. Careful examination of plotted residuals patterns on a pass-by-
pass basis often supplies a clue as to the nature of the trouble, as in the case

of the two residuals plots shown in Figure 1-2, which suggest a time bias and

a range bias, respectively. However, it is not possible to conclude immedi-

ately that such biases are indeed present in the data because patterns such as

the two shown may also be explained in terms of other error sources.

(
I -14



IP

At this point the job of thc analyst thus becomes one of accumulating evidence

with respect to various hypotheses concerning the characteristics of his

observation set. If the accumulated evidence supports the hypothesis that

-one station did indeed have a bias in the range system, for instance, a range-

bias parameter for that station may be selected on the next run. Usually such

a parameter is added to the list of parameters previousty adopted, which in

this case would make the run an eight-parameter fit. Similar discussion

also is applicable to the other bias and sclu-factor parameters previously

itemized in Section 1. 3.2.2. 2, a number of which might be selected for a

single run. TRACE-D will adjust these factors by differential correction and

automatically apply them to corresponding observations on each iteration.

If inspection of the residuals listing suggests a station location error, some
combination of lattde, longitude, and altitude parameters for that station is
selected on a subse-quent run and the location of the station is shifted by the

program on each iteration as it attempts to minimize the residuals. The

ability to determine the location of a tracking site from ratellite observations

has proved to be very useful, especially in cases where the site is remotey

located and ground surveys are difficult to undertake.

If no strong evidence of systematic errors in the observations or station

locations is apparent, the manner in which the programmed force model may

differ from the real environment experienced by the satellite must be evaluated.

The necessarily inaccurate nature of the programmed models, stemming from

incomplete present knowledge of real world forces, is manifested by systematic

residuals patterns remaining at convergence in most of the current cases of

TRACE-D orbit determination applications involving orbital arcs of more than

a few revolutions. Thus it is not expected that residuals would be reduced

to the level., of random noise by a seven-parameter fit to observations

over a 2-day arc. It therefore would be necessary for an analyst to

decide by inspecting the magnitudes of the final residuals whether or

i-15
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not they may be attributed to the estimated deficiencies in his model. If so,

the choice would be either to accept the parameter solution or to proceed to

refine the model itself by differential correction.

If residuals remain above the noise level, further significant information may

still be extracted from the observation set, at least in theory. (In fact, if

residaals were reduced to noise level, further information might even be ex-

tracted by means, of statistical inference. ) In an alternative sense, the matter

may be visualized as a circumstance wherein, if the program is given addi-

tional degrees of freedom or parameters that it can adjust, the residuals will

be reduced and the values of the additional parameters--model constants in

this case--presumably will be improved. For example, the latter general

motivation has led to inclusion of all programmed geopotential harmonic

coefficients among available TRACE-D parameters.

It should be pointed out again, however, that the program ,aser is not usually

free to select simultaneously all the parameters which he may wish to deter-

mine. Parameters generally are c,'rrelated with one another; i. e., an (
adjustment to the value of one'will 'result in ,.hanges in the residuals nearly

identical to changes caused by an adjustment to another. The program there-

fore has no means by which to discriminate between parameters in computing

differential corrections, and poor convergence behavic¢ ,esults. Given

observations associated with only one orbital arc, for example, it is possible

to estimate only a very limited number of geopotential parameters.

Another significant error source derives from the atmospheric density

" models programmed iito TRACE-D, one of which is selected by the user

to account for effects of atmospheric drag. The error arises because

the programmed density models do not truly represent actual environment

[ at 100-n mi altitude for instance. In this case the modeling problem is ~
generally more difficult than that associated with the gravity field because the

physical processes are dynamic, complicated, and partly unknown, and the
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indices used to characterize the process are difficult to measure. Never-

theless, experienced analysts will be aware of the magnitudes of residuals

that reasonably may be attributed to atmospheric uncertainties. Such judg-

ment will be facilitated to some degree by the availability of the values of

the above-noted indices, since they will serve to indicate whether or not the

real atmosphere was undergoing any major perturbation such as a magne.tic

storm during the periou when the satellite of interest was in orbit.

Use of the drag parameter, allowing the program to differentially correct

the inverse ballistic coefficient, is equivalent to finding the best average

density foF observation-fitting purposes. Later versions of the TRACE-D

program will also include additional atmosphere model parameters whose

differential correction rny help to reduce further the effects of uncertainties

in atmospheric density. However, to the present time, the drag parameter

technique has proved effective even for such demanding applications as using

data from satellite observations for studying the geopotential field at

100-n mi altitudes.

One further major aspect of the model problem may be illustrated by suppos-

ing that the residuals printout reveals no obvious questions associated with

the observations themselves even though the residuals magnitudes are much

larger than can be attribvted -o uncertainties in the gravity and atmosphere

models. If such a condition were to occur in combination with the poor

convergence assumed for the original seven-parameter fit, the next logical

hypothesis would be that the motion of the satellite was influenced by some

phenomenon that was not included in the chosen model. An obvious candidate

would be some force originated by the vehicle system itself, for instance

thrusting by an on-board system.

An intentional maneuver involving on-orbit thrusting would not be considered

in this connection because it would have been simulated as part of the

(
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computed trajectory in the original fit. However, this does not preclude the

unknown force assumed to be operating on the real satellite from also being a

thrust, inasmuch as an unanticipated expulsion of material from any satellite-

vehicle assemblage might result in application of a net impulse to the center

of gravity of the satellite. If the satellite were injected into orbit by an

engine that remained attached to the orbiting payload, the payload might be

subjected to continued low .level thrusting by the engine following its shutdown

at time of injection, for example, because of imperfect propellant valves.

Another possibility would be development of a smal) leak in some pressurized

tank during injection, since the cumulative effect of fuel escaping through a

pinhole-sized leak in a fuel tank would easily be detectable in the motion of a

satellite as measured by ground tracking systems.

One method ior testing the extraneous-thrust hypothesis would be to use the

time bias parameters available in TRACE-D, originally included in the pro-

gram to search for and remove biases in reported observation times (i. e.,

station clock errors) but currently used much more extensively to aid in

identifying model discrepancies. Under this procedure, observations from

each pass over each station are uniquely identified. A fit permitting deriva-

tion of a time bias parameter for each pass is then made. Since the principal

measureable effect of a model error usually becomes apparent as dis-

crepancies in time of arrival at given points along an orbit, the time bias

parameters offer a way for the program to reduce the residuals artificially

by finding an adjustment to the reported observation times for each pass

(one constant time bias for all observations from a given pass) and auto-

matically applying this adjustment to the observation times. A plot of the

time bias values versus revolution number for the present hypothetical case

might appear as shown in Figure 1-3. In this connection it must be remem-

bered LcL the time bias values are not actual errors in the observations, but

are empirical factors introduced by the program for the purpose of fitting

observations to the model used.
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Figure 1-3. Plot of Time Bias Values Versus Revolution
Number for Fit of Revolutions I Through 32

The plot of Figure 1-3 reflects two distinct segments in that Revolutions I

through I I show a monotonically decreasing pattern whereas Revolutions 12

through 32 show a concave arc. Since it is known from experience that the

curved arc shape is produced when the program is forced to fit with the wrong

drag factor and since drag was a parameter in the original fit, it must be true

that a single value of drag would not fit both segments and that the plot in

fact appears to represent two different orbits.

The next step would be to fit one of the segments at a time. Revolutions 12

through 32 would be the logical choice since a seven-parameter fit over that

interval would converge quickly, final corrections would be small, and

residuals would be acceptable. If the hypotheses were correct and the solu-
tion fro-ni this run were used to solve for time biases as before, a plot would
then take the form shown in Figure 1-4.

F
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REVOLUTION NO.SFigure 1-4. Plot of Time Bias Values Versus Revolution

Number for Fit of Revolutions 1Z Through 32
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On the other hand, an attempt to fit Revolutions i through I I with seven

parameters would meet with little success since, again, convergence would

be slow and it would not be possible to reduce the residuals to a desirable

level.

Analysis and some intuitive deduction lead to the conclusion that the trouble

on Revolutions I through iI must be a continuous low thrust, probably caused

by a leak that stopped somewhere on Revolutions No. Ii or 12. Since

TRACE-D incorporates a low-thrust acceleration option with two associated

parameters, a subsequent fit over all 32 revolutions, with the low thrust

added to the model for the interval through Revolution II, would yield the

desired solution to the fitting problem.

Once the initial-condition, drag, and thrust parameters have been determined,

they may be input to the TRACE-D trajectory function to produce a complete

time history of position together with associated quantities such as the ground

track and altitude above the earth, as described in Section 1. 3. 1.

1.3.3 Data Generation

As noted in Section 1. 3. 1, the TRACE-D trajectory, or ephemeris generation,

function is a means for computing the path of an orbiting vehicle in inertial

(space-fixed) coordinates as well as the associated ground track and other

related quantities. However, no information directly related to the tracking

problem is produced in the trajectory mode. The object of the data generation

function therefore is to generate various forms of simulated observation

ineasurements from a given definition of the ephemeris of a vehicle and the

locations of observing stations on the earth's surface.

The most frequent application of the TRACE-D data generation feature is

aousciated with visibility considerations. When and how long each of the

tracking stations would see a particular satellite might be determined for a

certain given set of burnout conditions for a launch from a particular launch

C
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site. If associated measurements, for example, of range, azimuth, and

elevation readings as functions of time also were needed, input of the appro-

priate indicators would produce data at whatever time frequencies were

desired.

Such simulated data may either be punched on cards in appropriate format

for input to the TRACE-D orbit determination function or be written on

magnetic tape for subsequent input to an orbit determination run. These

options are oriented toward the typical application of generating simulated

data to be fit with TRACE-D in connection with orbit determination feasibility

studies and error analyses. Experiments in convergencc. behavior, for

example, may be conducted by producing simulated observation sets with

various bias, noise, and distribution characteristics and then observing the

influence of these factors upon convergence speed and resolution in the orbit

determination mode. Fitting data with a force model different from the one

used to generate the data is another typical activity providing insight into the

real-world problem of fitting actual observations with a programmed force

model that is always less than perfect.

Required input to the data generation function includes force model definition,

epoch conditions, tracking station locations, and specifications defining the

types and frequency of the data to be generated for each station. Icems to be

output are selected by the user through input indicators. Among available

output items are all observation Lypes accepted by the TRACE-D orbit deter-

mination function, uncertainties in certain observations as determined by

uncertainties in orbit elements, indication of mutual visibility between two

trac ing stations, satellite ground track coordinates, and aspect angles

associated with orientation of on-board antennas. A detailed list of data

generation output quantities is shown in Table 5-5,

L

9-Z



Special features of the data generation mode include:

a. A minimum-output option which allows computation and
printing only of quantities associated ,kith rise (initial
visibility) time, maximum elevation angle incidence,
and set (loss-of-visibility) time

b. An option to write generated observations on magnetic
tape in card image format

c. Capability to compute satellite attitude in terms of
pitch, roll, and yaw angles referenced to the local
vertical and in-track directions

d. Optional addition of random noise and biases to generated
observation data

1. 3. 4 Residuals Analysis

One of the end products of a TRACE-D orbit determination run is a group of

residuals (differences between the actual observations and the values corres-

pondii.g to the derived ephemeris). Because errors in both the observations

and the program model are significant in typical TRACE-D orbit determination

applications, residuals remaining after a final iteration are an important

source of information for program users, as previously suggested in

Section 1. 3. 2.

Formation of residual vecLors for certain types of residuals and rotation of

these vectors into an orbit-plane coordinate system, where the vector com-

ponents may be more easily associated with the direction of satellite motion,

is a device that often facilitates analysis of data system malfunctions and

model effects. The residuals analysis function accomplishes these operations

and also provides statistics such as the RMS of residuals in terms of the

rotated vector components.

Residuals analysis input data and usage are essentially the same as for the

orbit determination mode except for the following special operating features:

a. In normal mode the residuals analysis link computes
observaticils from ephemeris information supplied via
tape. ThRe observations are then subtracted from the
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actual observations to form the residuals. Alternatively,
the "computed" observations may be supplied directly to
provide a means for differencing either sets of actual
observations or possibly sets of observations generated
by other computer programs.

b. An edit and punch option permits a set of observations to
be subjected to a residuals-editing criterion, after which
a revised deck of observation cards is punched. The new
deck includes only those measurements which passed the
editing test.

c. Ephemeris points may be treated in the same way as
observations in that they may be differenced and the
resulting difference vectors resolved into orbit-plane

coordinates. For example, ephemeris differences for
two orbit reconstructions obtained by using the same
observations but different models may be generated.
This feature is frequently used at Aerospace Corporation
to compare ephemeris tapes generated by orbit deter-
mination programs other than TRACE-D.

1.4 THE FUTURE OF TRACE-D

L Among the most significant modifications and additions to the basic or reference

version of the TRACE-D program that are now in preparation are the following:

a. An additional atmosphere model (identified as the Jacchia-
Nicolet model at Aerospace Corporation) which computes
density values based on actual measured values of
magnetic and radiation flxx indices. Seventeen constant
coefficients of the model are available as parameters.

b. Additionalgeopotential terms which will provide a means
for investigating.resonance phenomena, (i, e. , resonance
associated with orbital period and rate of earth rotation)'

c. An option to sort residuals by station and observation
type before printing

d. Interpolation for impact time and location

e. Availability of fifty orbit-adjust events (not parametersa
in addition to the six events that are available as paran-
etets in' the relerence version

f. A lunar orbiter mode

g. Many minor additional output items and format
improvements
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TRACE-D will become obsolete at the end of 1966 and will no longer be used

at Aerospace Corporation. Documentation describing all program inodifica

tiofts will be published at that time ahich, in conjunction with this document,

will completely define the terminal TRACE-D program.

A new program designated TRACE-66, to be operated in the Chippewa Operat-

ing System FORTRAN programming language, is being written at Aerospace

Corporation for the CDC 6600 computer. The first operating version of

TRACE-66 is expected to be in use at Aerospace Corporation in the Fall of

1966 and a full production version, together with supporting documentation,

is expected to be available early iii 1967. The first reference manual for the

TRACE-66 program will be published at that time.

.
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SECTION 2

THEORY

2. 1 INTRODUCTION

2. 1. 1 General

Section 2 develops some mathematical statements of the various TRACE-D

applications to orbit determination problems previously identified in Section 1.

Section 2 emphasizes theoretical aspects and functional relations; Section 3

presents the specific equations and methods used in the TRACE-D program.

The applications treated in the following analysis are considered in order of

increasing scope, but not in uniforn' C pth. Thus, less familiar topics are

emphasized, but more usual problems such as the numerical solution of

differential equations are largely ignored.

2. 1. 2 Derivative with Respect to a Vector

The indication of a derivative with respect to a vector is a very convenient

notational device for representing partial derivative matrices and chain rule

differentiation. In this connection, the following conventions are observed

throughout this document:

a. The term "vector" denotes a column vector. A row
vector is described as such or denoted as a trans-
posed vector (for example, (x, y, z) = XT).

b. The derivative of a vector with respect to a scalar
is a vector.

c. The derivative of a scalar with respect to a vector
is a row vector.

d. The derivative of a vector with respect to a vector
is a matrix (for example, if F is a vector function
of a vector variable X, then 8FIOX is the matrix
of partial derivatives whose i-jth element is
0F i /aX-
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The neatness of this approach is exemplified by assuming X(t) is the vector

' " [x 1 (t), xZ(t), , x(t)]T and y is a scalar function of X, or y = fIxl(t)

xz(t),. ., X n(t)] = f[X(t)].. Differentiating then leads to

dy af dXl I 2f dx, + f dxn fd=~a +x +f d n = f dX (2-i)

dt - 8x dt 8x dt ax dt 8X dt

where 8f/8X is by convention a row vector, dX/dt is a column vector, and

their juxtaposition indicates the scalar product.

2. z THE TRAJECTORY AND ITS PARTIAL DERIVATIVES

The trajectory of a space vehicle is described by the differential equation of

motion

=k - + F (2-2)3r

with the initial values

X(t 0) =X 0  (t ) = x

where

X = 3-vector of rectangular components of position (x, y, z)
in an inertial coordinate system

i 2 2 2 1/2r = XI = (x + y + z)

t = product (GM) of the Newtonian gravitational constant
and mass of the earth

F = acceleration vector resulting from perturbing forces;
i. e., all forces other than the inverse square central
force due to gravitation.
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One application of TRACE-D is the solving of the foregoing differertial

equation. The solution X(t), k(t) is generated numerically at time points

t = t (j = 0, 1, 2, . . .) and defined at t t. by an interp6lation formula.

More sophisticated TRACE-D applications additiorally require the sensitivity,

as expressed by partial derivatives, of the trajectory to its initial conditions

and other parameters.

It is obvious that X is a function of iI, which is an example of a "differential-

equation pararneter. " Other parameters of this nature, such as ballistic or

oblateness coefficients, also may appear in F. The solution depends on

the initial conditions X and X0 , which in turn may be computed from "initial-

condition parameters. " Letting vectors of these types of parameters be

represented by P and a respectively, the functional relations associated with

Eq. (2-2) may be written

+ F(X, S, P, t) (Z-34)
r

or

R = x(x, ±,t) (2-3b)

in conjunction with the initial conditions
/

x (to = X(a) , ±(to =k 0(C)
0 00 0

It should be noted that r "nd X functions of XC'% wh.ea..nevei drag forces

are present.

The dependence of the solution upon applicable parameters may be indicatedby

X(t) -xcal,,to, t) k(t) =, ,t o-t)
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It
Thus, the solution also can be given by the integral equations

X(a,f,t,t) =X(a) + fx[x(Pt tot),X(attot), t]dt"I

to

x(cL, I , to, t) = Xo(ci)- f X(c, , t,t' )at'rtft

0

+ fj [x(a, p, to, t" ), SC(c, l , to, t" ), p, t" ]dr" dt'

t t

The douxble integral form may be reduced to a single integral form (see (
Ref. 2 for intermediate steps.):

x Xt =X(a) + (t - t).o()

+ A RX(t-t")x(a,.),tor"), X@(a,,to, t"), . t"]dt" (2-4)

ethe involved functional relations

explicitly.

It is now possible to show how the partial deri'vatives DX/BQ, &X/D 1, and

aX/at o , which measure to =(rst order the sensitivity of solutions to variations

in the trajectory parameters a., , and t ", are obtained. In addition to their

exAtensiVe use in numerous TRAE-D applications, the physical interpreta-

tions of these partial derivatives ofven are of independent interest.
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Differentiating Eqs. (2-3a) and (2-3b) with respect to a, interchanging orders

of differentiation, and using the notation X. for 8X/Oa leads to

R ~ (2-5)
aL ax[2--(/'_ + _ x]X ,+ ---'-x,,

A jth initial conditions

ax
0 , (t)= 0a o 0 -a- a 0 aa

Equation (2-5) is called a "variational equation," and is a second-order liinear

vector differential equation vhose solution is the vector of partial derivatives

X a = OX/ao of the components of position with respect to the initial condition

parameter a. In the course of solving Eq. (2-5), X -- 8X/a will also be

obtained. A similar tquation can be derived for each initial condition

parameter.

Equation (2-5) also may be obtained by differentiating the integral, Eq. (2-4),

with respect to a to give

xc =X(t)+(t-t):k (t)+j (tt/18X(X ') dt" (2-6)
0

It should be noted that Eq. (2-6) corresponds to Eq. (2-5) in exactly the same

way that Eq. (2-4) corresponds to Eq. (2-3).

The variationa equations for initial time to are of the same form

to O X oI -x

S ( 3 +-5t
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However, they are associated with different initial conditions

Xt (to) -'±(a) ' Xt (to) 'X(a)
0 0

These expressions may be derived by differentiating with respect to to integral
E.(2-4), which best shows the dependence upon to .

The variational equations for the differential equation parameter P are

x 3 x- (2-7a)

and

X (to) = :t o ) 0 0 (2-7b)

As a source of partial.derivatives, variational equations yield more accurate

results than typical analytic derivatives, which usually assume two-body motion.

Also, the partials can be generated more rapidly than difference quotient
3approximations because the terms [8(- xX/r )/OX + aF/8X] and aF/BX of

Eq. (2-5) are identical in all the variational equations, and only the nonhomo-

geneous term 8F/8P of Eq, (2-7a) varies with a particular parameter.

A further advantage of the variational equations is that they permit use of the

difference quotient technique as a checking device since lack of substantial

agreement between the partial derivative estirr.ves obtained by the two methods

would indicate the presence of errcr. Although this test should not be con-

sidered fool proof, it is valuable and should not be overlooked.

2. 3 Bi-SIC ORBIT DETERMINATION PROBLEM

The basic orbit determination proltrn, as discussed in Section i, is to find

values for a set of observational-model parameters such that the differences

between the actual measured observations and corresponding values computed

I 2-6
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from the niodel will be minimized in a generalized least-squares (GLS) sense.

With respect to TRACE-D, GLS refers to a fitting process which allows weight-

ing matrices to contain som.e off-diagonal elements as described in Section 2.5.2.

The TRACE-D prt-gram model includes the trajectory of the vehicle with

associated initial- cLcidition and differential- equation parameters, locations of

observing stations, adid certain systematic errors in the observation sensing

equipment. The full list of parameters available in TRACE-D is given in

Section 1. Relative significance may be assigned to observations of various

types and quality by means of a weighting matrix. This weighting matrix is

also used to a limited extent in processing correlated observations (See

Section 2. 5 2 for discussion of TRACE-D correlated data option).

The basic orbit determination problem thus may be restated: Given a set of

n observations of orbiting objects, an appropriate weighting matrix, and a

model from which cir~sponding observations may be computed, determine

(- values of the model parameters to minimize the expression

whr I IOa O(P) 1 = 0 I 0 (P)]T W[o - 0 (P)] (2-8)

, where

0  = vector of measured observationsm

0 = vector of corresponding computed observations~c

P = vector of model parameters

W = observation weighting matrix

The p&rticular significance of the minimization process depends on the nature

of the weighting matrix. In TRACE-D this process usually is simple weighted

least squares (WLS) if WV is diagonal, or generalized least squares (GLS)

The notation W will be used in subsequent discussions to indicate a
quadratic form in which the weighting matrix W appears.
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otherwise. However, under certain circumstances the process my be mini-

mum variance. Detailed explanation of the weighting-matrix options and their

significance is given in conjunction with the statistical aspects of the orbit

determination problem (Section 2. 5).

An approximate solution P0 of Eq. (2-8) is nearly always available, since
trajectory initial conditions may be estimated from design information or

preliminary orbit determination methods. Also, the "current best" values

for force model parameters and station locations usually represent an excel-

lent first approximdtion. Thus, expanding 0c(P ) in a Taylor series about P0
to first order, the quantity to be minimized, Eq. (2-8), becomes

IlOm Oc(P)II =IW10 -OcPo) -A. II (2-9)

where

80
A =-- = matrix of partial derivatives evaluated at P = Po

For the case where the parameters are quantities appearing in the equations

of motion (including initial conditions), the partial derivatives are computed

from the chain rule

Oc 8 0 c 8X + 80 c &k
TT = OX 8P X -P

where

a X .X = matrices of solutions of the variational equations

1Z The matric& a8 4 and 80 c I/ 8] .- n d th a ows of 00 c/P LhaL correspond

to parameters not appearing in the equations of motion (station locations and

observation-error terms) are computed directly from geometrical relations.
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The differences 0 (Po) = 0 0 (P o ) between the observations and the

corresponding quantities computed from the assumed values P are called

residuals. These ,result from the presence of randoii observational errors,

inadequacies in the form of the model, incorrect values for the model

parameters and computational error. due to roundoff and truncation effects.

Since the original nonlinear GLS problem has been replaced by the approxi-

mate linear problem of finding a correction vector AP such that

I lOmc(Po) - A API is minimized, the expression P = P0 + AP is in

general only an approximate solution, and an iterative process is required.

Then Imc(Po) [  W measures the degree to which an orbit computed from

the current values P0 of the parameters fits the observations and the expres-

sion OPmc iW Omc(Po) - A'AP W (superscript p means "predicted")

then is an approximation, based upon the linearity assumption, to the value

of I IOmc] jW that would be obtained by replacing P 0 with P0 + AP. In a well-

behaved iteration the observed IIOmcI IW should follow the predicted

I I OI c IIW' the relative agreement between the two factors being a measure

of convergence of the process.

The correction vector AP may be shown to be the solution of the linear system

(AT WA)AP = A TWOmc in various ways. Two proofs of this are the following:

Proof f:

If

f(AP) = I IA-A 0 mc I = (A' - Omc)TW(A. - O mc)

and if f(AP) is differentiated with respect to AP, one obtains

f 2(AT WA-A? - A TWOM

The latter expression must be zero if AP minimizes f(AP).

2-9
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IfProof 2:

if

ATWA' AP -ATwo mc

then, for any AiP' ;d AP, one obtains

f(L') = I IA.AP - o0 + A(AP' - [) )

= I JA.AP - Om0 112 + ?[A!AP - 0mcTW[A(AP ' -AP)]
''--- mc W - mc

+ IIA(.P' - AP) I!

= f(AP) + 2(ATWA.AP - ATWO mc)T(AP -AP)

+ I IA(AP' - AP) Ij I

or =f(AP) + IIJA(AP' _-&P) 112

or

f(Ap',) > f(Ap)

From Proof 2 it is evident that AP minimizes F(AP).

2.4 CONSTRAINED AND BOUNDED LEAST;'SQUARES SOLUTIONS

Two distinct types of restrictions upon the solution of the generalized least-

squares (GLS) problem may be necessary or desirable, in that constraints

among the parameters may be a part of the physical problem, and bounds upon

the magnitude of the corrections may facilitate computation.

2.4.1 Constraints

An example of a physical constraint which could be imposed upon parameters

would be precise knowledge of the relative locations of two nearby observing

stations. If the actual locations of such a pair of stations were among the

parameters P in a differential correction, it would be important to constrain

the AP corrections in such a manner that the relative locations of the stations
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were preserved. In TRACE-D this is accomplished by introducing linear

constraints in the form

APB - AP' +C (2-l)

where

B = rectangular matrix

AP = reduced set of independent parameters

and by solving the GLS problem in terms of AP' and using Eq. (2-11) to obtain

the constrained correction AP. Solving the GLS problem in terms of AP' re-

.quires minimizing JAAP - 0n 2 subject to the constraint Eq. (2-11),quiresC 1Wll~n I A2 mlI
which is equivalent to minimizing I IA* (B -AP' + C) - Omc I I = II (AB)'2

P, - ( 0 mc + AC)I W. This required minimum is obtained as the solution of

the linear system

(AB) W(AB)AP' = (AB) TW(OmC + AC) (2-Z)

2.4.2 Bounds

Under conditions fairly common in the solving of the GLS problem, which

for example might involve inadequacies in the observational model or a

poor initial 4pproximation P0, the observed I MC I I W may fail to follow the
predicted I op I W , or may even diverge. In the presence of such mani-

festztions of nonlinearity, it may become necessary to introduce a side

condition bounding the magnitude of the correction vector AP at each iteration
to assure eventual convergence. In this connection, if the reciprocals of the
bounds are collectively referred to as the diagonal matrix G, the problem

becomes one of minimizing the quantity I IA.P - O MC I  subject to the
bo~inding condition IIG.APJ .. Th., if I I'- t12 - / i . 2

then ene obtains jApil -5 gi for each component, where gi are the individual

diagonal elements of G, (i. e. = G 3)
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The simple geometrical interpretation for a two-parameter example is illus-

trated in Figure 2-1, wherein the problem is to find a minimum of the surface

f(AP) = I JA. AP - Oc MI over all AP within the ellipse defined by g, and g..

An elliptic rather than a circular region is used to account for the range of

magnitudes of the various parameters.

' /A pI

91 AP,

g2

Figure 2-1. Two-Parameter Constraint Ellipse

If the unconstrained solution does not occur within the ellipse I IG A 2 =
a new function F(AP) = f(AP) + z I }G. P I is minimnized, whose minimum

point AP' (z) is found as the Solution of

(ATWA + zGTG)AP ' = ATWOmc (2-13)

As z increases, minimization of F requires smaller and smaller values of

AP' (z). More precisely, it will be shown that IIG. AP' (z)I is a decreasing

function .. f z. and that, iii ... u y' a sc.a cha u 1ILrpolation procedure

a value z' of z can be found such that II G. P' (z')j I1 - . Since minimizing

F = f + z' IIG 'AP'(z') II = f + z' actually is equivalent to minimizing f, because

these terms differ only by th- constant z', the point SP' (z') which minimizes
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f(AiP) along the bounding ellipse is identified. It also will be shown that

f[AP' (z)] is an increasing function of z. Thus, any interior point of the ellipse

corresponds to larger values of z and of f, and therefore the constrained mini-
mum point is on the boundary and is the solution AP' (z") of (A TWA + z' G TG)AP =

ATWOmc for which I IG.AP' (z- ) I = 1. Throughout the following proofs of

the above, primes have been dropped for convenience.

The monotonic decreasing character of I JGAP I as a function of z may be
demonstrated by differentiating

(AT WA + zG TG)AP(z) = AT WO ( )

with respect to z to obtain

(ATWA + zG TG)d(6P) + (G TG)AP 0 (2-15)

or

d T T -i T
= (P) -(A WA + zG G) (G G)AP (2-16)

Differentiating dl IG.AP I 12/d2 and substituting Eq. (2-16) then leads to

d-j .&pI Ia = (ApT) (C.TG( )
- -2APT(GTG)(ATWA + zGTG)'(GTG)AP (2-17,)

Since (A A + zG G) iis positive definite for positive z, the following is tril,

d--I JG- l APII < 0 18-i)

T
whenever (G G).AP 0.
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The monotonic increasing character of f(AP(z)] may similarly be established

by showing that df/dz > 0. Differentiating f[AP(z)] then leads to

3 df = O__f d(
dz 8(fP) dz

[+Z(TWAZ,.p - A TWOm )JTL(A TWA + zG TG)i(G T G)API

-2 2(AT WA + zG TG)lAP - A T WO z(G TG)'n'jT[(A TWA+ zG TG)"(G TG)AP]inc

(2-19)

However, since by Eq. (2-14) (ATwA + zGTG)AP(z) ATWO , differentiat-

ing leads to

df T T T T -
dz = +ZzAP (G G)(A WA + zGTG).i(GTG)AP (2-20)

which is positive whenever (GTG)AP $ 0.

2. 4.3 Solution of the Linear System

T T
Solution of the linear system (A T,.A + zG G)AP = A WO Mc and inversion of

the coefficient matrix C = ATWA + zG TG is accomplished by a special
method related to a procedure knoWn classically as the square root method

(Pef. 3). This method is finite, or,,noniterative, is applicable only to sym-

metric matrices, and is based on the fact that a symmetric matrix can be

decomposed as a product of the form C = LDL T , where L is a lower

triangular matrix with (-I) as diagonal elements and D is a diagonal matrix.

In such a representarion, det (L) = :hi and det (D) = det (C). Therefore, L "

exists and in fact is also a lower triangular matrix with (-i) on the diagonal,

and D has no zero elements if C is nonsingular. Two equiva-lent forms con-

-iT- -Y -iT

(1) L'c(LT)- = L IC(L') T = D

(2) 4 T I-ii(Z) C - =(L )TD- L i

2-14F
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or

(I') SCS T =D

(2') C "I =S D iS

where S = L-

It thus is apparent that the inversion of C and the solution AP' = (CI)ATWO

require matrices S and D such that scsT = D. mc

A bordering technique used to find S and D assumes at the kt h stage that the
th_ 1 tk -order principal minors of S and D have been found. The (k + 1 - order

minors require the vector V and the scalar b such that

SI -a( 0 - 1-21)

whe re

Ck = kth-order minor of C

Ik (k + 1storder mnor of C

d a !

It may easily be verified that the required V and b are

V = TDkISd
V=Kk k

[ Cand (2-22))

b = a.- \Td

J
r
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2. 5 THE STATISTICS OF ORBIT DETERMINATION

In the process of orbit determination by the method of weighted least squares

(WLS), no assumptions regarding the statistics of the observational errors

are necessary. Althoagh no statistical conclusions can be drawn from

obtained results, the justification for the method is that solutions gained by

m -mizing residuals in the least squares sense have proved to be very useful.

It should be noted that all previous TRACE- program versions employed WLS

exclusively.

On the other hand, if the two frequently adopted assumptions that (1) the

observational errors c. are random with mean zero and known covariance

matrix M and (2) that the weighting matrix W , then the inverse normal

matrix is the linear approximation of the variance-covariance matrix (often

abbreviated "covariance matrix") of the parameter.s being determined. Inas-

much as this matrix depends only on the pa-tial derivatives of observations

with respect to the parameters and on the weighting matrix, it may be gener- r
ated and used for statistical analysis of tracking networks and spacecraft

systems in the absence of actual or simulated observations. Details pertinent

to the variance-covariance matrix, as well as the relation of WLS orbit deter-

minations to minimum-variance and maximum-likelihood criteria and the

particular parameter estimation methods available in the TRACE-D program

are outlined in the following sections.

2. 5. 1 The Variance-Covariance Matrix

If it is assumed that the vector of measured observations 0 is the true valuem

Oc(Pt) (subscript t denotes "true") plus a random crror e, the linear approxi-

mation to Oc(Pt) is

0c(Pt) = Oc(Po) + A-.AP (2-23)

and the residual vector is

0 mc 0 m Oc(Po)= A.Pt + c (2-247
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where

0 (Po) vector of computed quantities

P 0 
= estimate of the true parameter vector Pt

apt -Pt - P0
A = matrix of partial derivatives aOc1 P °

e= vector of unbiased observational errors

As noted previously, the GLS problem is minimizing f(AR) Om c _ A.API I[P W

for which the solution is AP' = (AT WA) -iAT WO mc

It can readily be shown for the linear problem that the vector AP' is an un-

bi,,sed estimate of the true value APt and that the expected value of 4P' is the

true value APt, even though AP' is a random quantity since it depends upon

the residuals and therefcre upon the observational errors. Thus, with

AP' W(ATWA) -IATWO mc

=A WA).7 A - APt + C)

T -T
APt + '(A WA) "A We

then

E(AP') =!APt + E[ (AT WA) I AIWEI =AP t  (2-25)

The latter expression reflects appeal to the linearity of E(. ) and the assump-

tion that E(:) = 0. It should be noted that the vector 6P' = AP' - AP t would

beth _l uet frano' -, ofth A'01 r- &1. 4.- 1

value APt' This vector has previously been shown to have the expected value
zero.
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The expected values of the square of the deviations (the product of two com-
ponents of the deviations) are summarized in the quantity E(6P' 6P' T), which
by definition is the covariance matrix C(P') of the (estimated) parameters.

If the symmetry of the matrices W and A WA is used, the expression may
be written

E(6p' 6 pT) = E[(ATWA)-LATW(E cT)WA(ATWA) " I] (2-26)[ T
However, since E(cE ) = Z, the covariance rmatrix of the observational errors,
Eq. (Z-26) becomes

C(P') (ATWA)"IATW ZWA(ATWA) (2-27)

Equation (2-27) is the general form of the covariance matrix for a GLS esti-
mate of the parameters. However, use of the second assumption, W = Z-i,
results in the important simplification

C(P') = (ATWA) f = (AT2; -IA)

This latter expression represents the basic covariance matrix calculated ira
TRACE-D.

2. 5.2 'inimum-Variance and Maximum-Likelihood Estimates

In most instances of orbit determination from observations, least-squares
methods (WLS or GLS) not only require no statistical justification, but in fact
none exists. These methods are intended simply to produce fits and predictions
of acceptable quality. Conversely, statistical conclusions are sought in other
applications such as systems analysis and design. These are commonly based
on minimum-variance (MV, or "Markov") or on maximum-likelihood (ML)

1"As thL eution describes in general terms the assumptions govern-
ing MV and ML techniqaes and their relation to TRACE-D program procedure.
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The MV estimate of ai is the linear unbiased estimate which minimizes the

diagonal terms (variances) of the variance-covariance matrix of parameters

P (Ref. 4). The applicable formulas are

APMV = (A T IA)-I ATe-Omc (2-29)

and

C(Pv- (AT Z- -1 (2-30)

When Z is used as the weighting matrix W, the GLS estimate and thc co-

variance matrix in TRACE-D also are MV.

The WLS procedure, which has been used in prior TRACE- program versions,

also is available in TRACE-D dnd in fact remains the most frequently utilized

weighting option. However, one alternative weighting option that has been

added to TRACE-D, and whose inclusion in the program represents a step in

the direction of a generalized MV capability, is the possibility of supplying

non-diagonal weighting submatrices up to 3 X 3 in dimension. In this connec-

tion, all observations associated with each weighting matrix must be of the

same set number (see Section 5. . 3. 4), and their observation times must be

the same. Although this feature is rather restrictive in that it precludes

treatment of cases involving known time correlations in the observations, it

permits one important class of observations to be handled correctly, which

previously was not possible.

For example, if sets of raw observations of some arbitrary type are sub-

jected to a data-reduction process which finally produces a series of three-

component (x, y, z) vectors representing estimates of the position of a satellite

.t varivus Lirrie, the data-reduction process typicaily also wii yield a 3 X 3

covariance matrix for the estimated errors in (x, y, z) that is derived from

estimates of errors in the original raw observations. In the fitting of the

2-19
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(x, y, z) points with the TRACE program, the desirability of weighting these

points with the inverse of the covariace matrix for each (x, y, z) S-t has been

realized for the first tim,. in TRACE-D.

-I
S;nce the criterion for MV is that W = E-1, which is assumed to be the case

for data such as thc-e noted above, the solution obtained by fitting the data

with TRACE-D may, said to be an MV estimate,

Nothing has so far been assumed about the actual form of the distribution of

the random errors. If a specific probability density function is assumed,

then it is possible to seek the estimate that rraximizes the probability or

likelihood that the actual observations would occur, given the estimated

values of the parameters. In the case of a joint normal (or gaussian) distri-

bution of observational errors with covariance matrix Z, the ML estimate

reduces to MV. In practice the gaussian assumption is always made (Ref. 5),

The foregoing may be summarized: If the weighting matrix applied in the

least-squares process is the inverse of the estimated covariance matrix for

the observational errors, the GLS estimate obtained by TRACE-D is also

MV; if the errors are further assumed to be normally distributed, the

estimate is also ML.
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SECTION 3

tQUATIONS

3.1 COORDINATE SYSTEMS

Several coordinate systems are employer in TRACE-D. Basic to all is the

earth-centered inertial system, which has as its reference plane and direction

the true equator at epoch and the mean equinox at 0 hour GMT of the date of

epoch. This description follows from the manner in which input quantities are

treated, in which connection the longitude reference is ag (Ref. 6), or the

right ascension of the Greenwich meridian from the mean equinox of date at

0 h GMT (a is also known as Greenwich mean sidereal time), and the refer-
gz

ence plane for initial position and velocity parameters is the equator.

Three types of coordinates within the foregoing systern that are useful for

TRACE-D program purposes are described in Section 3. 1. 1. A station-

dependent coordinate system that has been introduced to facilitate radar

computations and an orbit-plane coordinate system that is used for analysis

of residuals are described in Sections 3. 1. 2 and 3. 1. 3. The station-

centered inertial and the vehicle-centered coordinate systems discussed in

Section 3. . 4 and 3, 1. 5 are introduced for convenience in the computation

of partial derivatives and vehicle-centered quantities, respectively.

-TRACE-A and TRACE-D are identical in this regard. The corresponding
statement in Section 3 of Ref. 1 is incorrect.
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3. 1. 1 Earth-Centered Inertial System

The basic earth-centered coordinate system is shown in Figure 3-1,

x

Figure 3-1, Earth-Centered Coordinate System

where

0 = center of mass of the earth

X = vector from 0 in the equatorial plane directed to the vernal
equinox at tg, (0 hour GMT of epoch date)

Y = vector from 0 perpendicular to X in such direction thaf-
(X, Y, Z) is a right-handed system

Z = vector from 0 perpendicular to the equatorial plane and
directed north

The position and velocity of a body at a point P within this reference frame

may be expressed in rectangular or spherical coordinates or in terms of

the classical elements of its orbit.

3, 1. 1. 1 Rectangular Coordinates

Within rectangular coordinates, representation of a point P may be expreosed by

P = P(x, y, Z', , )

where x, y, z are, respectively, -he comnyoueltS uf Po6ition of Ihe pin"- t

the X, Y, Z directions as defined in Figure 3-1 and x, a, are the compon-

ents of its velocity in those directions.
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3.1. 1. 2 Spherical Coordinates

In the spherical coordinate system shown in Figure 3-4, position and velocity

N

r!
\A~

\I! "

~-,

x

Figure 3-2. Spherical Coordinate System

at a point may be written

P P(a, 6, P, A, r, v)

where

V a vector equal in magnitude and direction to the velocity

of the vehicle at P

a =right ascension measured from X-axis, positive eastward

6 geocentric latitude (-7r/2 - 6 -< 1d2)

= angle between V and the geocentric vertical at P (0 -5 P -5 T)

normal to geocentric vertical

r = magnitude of 5

v = magnitude of V
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3.1.1.3 Orbital Elements

In Figure 3-3, P is a point on the osculating conic described by the para-

meters a, e, i, f2, and w. The position of P on this conic is determined

by T and by a value for the current time. Within this reference framework,

z

ORBIT PLANE

P

PERIFOCUS DIRECTION

0, r

b PERIFOCUS

VERMAL EQUINOX

Figure 3-3. Orbital Elements

the expression for position is given by

P = P(a, e, i, 2, W, T)

wher e

a, b = semi-major and semi-minor axes

e = eccentricity =Va-- D/a
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i = inclination of orbit plane

= right ascension of ascending node

w = angle between direction of perigee and the line of nodes

-r = time in minutes from tg of last previous perigee passage

(tg = 0 hours GMT of day of epoch)

3. 1.2 Station- Dependent Coordinate System

A station-dependent coordinate system intended to facilitate radar computa-
tions is shown in Figure 3-4,

z

S

W2

0Y

X EQUATORIAL PLANE

W,

Figure 3-4. Station-Dependent Coordinate System (WI, W2 , Z)

where

S = station location at some time t

a = I+CL +W(t- t)

= geographic longitude of station

g = right ascension o! Greenwich at time tg

o = rate of rotation of the earthe

Wi , Wz = axes X and Y rotated through angle a.
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3.1.3 Orbit-Plane Coordinate System

In Figure 3-5 the basic coordinate system is the earth-centered inertial

reference frame described in Section 3. 1. However, in this instance the

z

P

0

0

Figure 3-5. Orbit-Plane Coordinate System

point P, which usually is the position of a reference vehicle, represents, the

origin of the orbit-plane coordinate system defined by the vectors , -q, ,

which are in the radial, in-track, and cross-track direction, respectively.

In the smaller sketch it should be noted that the _ axis is an extension of the

geocentric radius vector. The ii axis is both normal to the g axis and posi-

tive in the same general direction as the inertial velocity vector v. All lie

in the instantaneous orbit plane. The axis is directed out of the page, or

normal to the orbit plane, thus forming a right-handed orthogonal system.

ThAAE position and veju i~y of an alernate point P relative to the point P are

then given by
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3. 1. 4 Station-Centered Inertial Coordinate System

The station-centered inertial coordinate system used for partials computa-
tion is ahown in Figure 3-6,

X3

P

L 
L3

I 2L
L,

Figure 3-6. Station-Centered Inertial Coordinate System

where

S= station location at some time t = (x s , Y& zs)

a , + g + W e ( ,g)
Xs = W COss I

s = WS sin = station position at time t in ECI system (seezs  i Section 3.4. 1 for definition of ws and ws)
z -w a 1s

L = z - s
and where vectors XI, X2, and 3 . -'e parallel to axes X, Y, Z, respectively.

3-7



p

3. 1.5 Vehicle Coordinate System

A coordinate system convenient for computing vehicle-fixed effects is

shown in Figure 3-7,

Xr K Xy

Xr

K
XP

Figure 3-7. Vehicle Coordinate System

where

X = vehicle position vector in basic ECI system

X= vehicle velocity vector in basi.. EGI system

X =X/IXI =yaw axis

XP KXX*P

Xp =X ____ = pitch axis unit vectors

X X ×X = r.oll axis
Xrr p y

K = magnituge of instantaneous velocity adjustment (kick) vector

X = direction of deflection for positive pitch-angle adjustment
pXy = direction of deflection for positive yaw-angle adjustment

Sa are identical o the usual symbols rand v, an the vectors

Xr are in the radial, in-track, and cross-track directions, respectively.
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3.2 INITIAL CONDITIONS AND COORDINATE TRANSFORMATIONS

The parameters of an orbit may be given within any of the coordinate categories

described in Section 3. 1. 1. The primary trajectory computations are accom-

plished in earth-centered rectangular coordinates. Supplemental outputs include

spherical coordinates and orbital elements. Formulas for necessary transfor-

mations are given in Sections 3. 2. 1 through 3. 2. 4, wherein the date chosen to

determine the X-axis is t (0 hour GMT of epoch date). The time to at which thego
parameters are specified is referenced to tg, i.e., the program operates with

time in units of minutes from t

3. 2. 1 Spherical to Rectangular Coordinates

x = r cos 6 cos a

y = r cos 6 sin a

z = r sin 6

x = vicos a(-cos A sin p sin 6 + cos p cos 6) - sin A sin p sin a.]

y = v[sin a(-cos A sin p sin 6 + cos p cos 6) + sin A sin p cos c.]

i= v[cos Acos 6 sinf3+cosp sin 6]

If longitude (1) is input instead of a in the foregoing expressions, a is com-
puted as in Section 3. 1.2. In this case, t - t = t .

g o

3. Z. 2 Rectangular to Spherical Coordinates

a = tan (y/x)

6= tan- /x + Y

= cos L(xk + yr + z )/rv]

A=tnlf r (x - yk) ]

a y(yt - zr) - x(zk - xi)

r =JxZ +yZ + z2
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3. 2. 3 Orbital Elements to Rectangular Cobrdinates

x= x P x + y Qx

y x P + y Q

z x W P z + y WQz

k= P +  Q etc

where, if the conic is an ellipse,

P =cosE cosw- sinQ sin wcosix

P = sin n cos w+cos 12 sin wcos i
y

P = sinw sini
z

Q = -cos 2 sin w - sin 2 cos w cos i
x

Q = -sin nsin(+cos 0 cos wcos i
y
S= cosw sin i

p = a(l - e Z) = semi-latus recturr

= gravitational constant

n = J 1 /a 3 = mean motion

M = n(t - T) = mean anomaly

E = solution of (M = E - e sin E) = eccentric anomaly

r =a(l - ecos E)

= a(cos E - e)

= XaJsin E

k =- sinE

) = -'PR Cos E
r
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If the orbital conic is a hyperoola (e > 11, E is the solution of M = e sinh E- E,

Also, sin E and cos E above must be replaced by sinh E and cosh E.

3.2.4 Rectangular Coordinates to Orbital Elements

e = V(e cos E)Z + (e sin E) (for elliptic orbits)

e = j(e cosh E) (e sinh E) (for hyperbolic orbits)

i =tan l Q y y Qxj

PQ-P Q

S2 = tan- I y Q PQ z

_i/Pz\

w = tan( )

T t M

n

where

2 .2 2 .2
V 2 + , +z 2

ecos E= I_
a

(for elliptic orbits)
xx3-1esin E -
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e cosh E= r
a

e sinh E x+ + Z (for hyperbolic orbits)

2Z

rv -(xx+y,+zz.)

p=~

x + y +ZZ

ep.

ecos E
er

IH 77= (r - p)

i I --L-k5 + Y + zi
erlZ- r

P =D x - Dk
XC

P D Dy - Dy

P =Dz-Dzz

Qx = IIx- H, etc

n=0

M =E - e sin E (for elliptic orbits)

M = e sinh E - E (for hyperbolic orbits)

E tan-1 esinE
e cos E
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3.3 OBSERVATION DATA

Although in previous TRACE program models all observations were trans-
formed to R, A, E, and A, all observations used in the TRACE-D orbit-
determination process are retained in the same coordinate system in which
they are input. In general, input is in units of feet, seconds, and degrees,
and computations are carried out in earth radii, minutes, and radians. The
details of units conversion have been omitted from this section.

It should be noted that the coordinate systems shown in Section 3. 3 also are
pertinent to the discussion of partials presented in Section 3.4.
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3. 3.1 Station Coordinates

Station coordinate system relationships are shown in Figure 3-8,

UP NORTH WS Z

\ 
be

WI
as@ W

S

Figure 3-8. Station Coordinates

where F* = geodetic latitude

ae = semi-major axis of the earth (equatorial radius)
be = semi-minor axis of the earth (polar radius)

h = station altitude with respect to reference e).lipsoid

W s = titnn nn'Ritn " W-tnnoordint , a ,trt, = , -.
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3. 3. 2 Azimuth and Elevation Angles

Azimuth and elevation angle coordinate system relationships are shown in

igure 3-9, W

THE TANGENT PLANE AT Ws  W3 Z

CONTAINS NORTH, EAST AND Qp

NORTH

EAST/

0i

W21

Figure 3-9. Azimuth and Elevation in Station Coordinate System

where

W = vehicle position

W = station position

Q = projection of Q = W - Ws onto tangent plane at Ws

R = fol slant range

r = geocentric radius vector

3-15
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3. 3. 3 Topocentric Angular Measurement

Coordinate system relationships of topocentric angular meafurements axe

~shown in Figure 3-10,

EQUATORIAL

P

M3

Righ AseisonDeclnatonatz Ho - Aigl inStaion

Cent~edoo~dr~ae~ysej n th ~'~i pane
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3.3.4 Interferometer Data

In Figure 3- 11, S, Sp. and S Q are a network of stations reporting range and

so

Figure 3-11. Station Network for Interferorneter Data

range-rate differences. Letting R = Jw - S 1, lRp =JW - Sp 1, and
R Q 1W -SQ itbrn

Q=R-Q
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3. 3. 5 Horizon-Sensor Angles

Horizon-sensor angles related to an earth-centered inertial coordinate sys-

tem are shown in Figure 3-12,

Z

V go

-0-Y

x

Figure 3-12. Horizon-Sensor Angles u., v in Earth-Centered
Inertial Coordinate System

where, assuming _,, r, and g are unit vectors,

NI =N 2 / INZ!

-i

u =cos- (NI . V}

-l
v = tan (sin u tan i)
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3.3.6 Other Observation Measurements

3.3.6. 1 Geocentric Right Ascension and Declination

Observed values of these angles, which can be input to the orbit-determination

process, are identical to a and 6 as previously defined in Section 3. 1. 1. 2.

3. 3. 6. z Height Measuremeats

Height observations are assumed to be measured along the geocentric radius

vector above the oblate earth (see Section 3. 5. 9 for specific equation).

3.3.6.3 Rectangular Geocentric Data

4 A A
'C, y, z data points are measured in a coordinate system with origin at the

A A
center of the earth, the z axis along the spin axis, and the x axis along the

Greenwich meridian.

3. 3. b. 4 Range Rate and Doppler

Equa.ions for R and Af data are given in following Sections 3.4. 5 and '3.4.7.

3

3--i
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3.4 PARTIAL DERIVATIVES OF OBSERVATION DATA

In tracking and data studies it is necessary to compute partial derivatives of

observation data with respect to the parameters of initial conditio',is, differen-

tial equations, station locations, observation biases, and observation scale

factors. For the purposes of this section, it will be assumed that the

integrated position of the vehicle in earth-centered inertial rectangular

coordinates and the partial derivatives of these coordinates with respect

to the first two types of parameters are known.

The following notation is applicable to the derivations presented in this

section:
Pi (i = i2, ... , n) = the ordered /ist of initial conditions and

differentia! equation parameters for

which partials are to be computed

8x y , ___ = partial derivatives of x, y, ... ,.z
api "a " " aPi  with respect to the p.

= longitude of station -t

= geodetic latitude of station

h = height of station
a = a g + we(t - tg) + I (Ref., Sec. 3.1.i.Z)

w.v (j i, 2, 3) = position and velocity of vehicle in the
2 station-dependent W system

s s = position of station in station-dependent
wl' w3  W system

= ellipticity of reference ellipsoid

ae  = semi-major axis of the earth

be = ae(l - E) = semi-minor axis of the earth

KR = range scale factor

KD = range-rate scale factor

3-20

ac

U .#-~

i



3.4. 1 Position and Velocity in the Wt System and Associated
Preliminary Computations

w= x cos a + y sina

w =-x sina+ ycosa

w 3=Z

1= (:k + eY) cos a + ( e - ex) sin a

S= "(S + w e y) sinoa + ( W - X) cos C

3=
w 3 Z

The following derivation develops quantities that are necessary for trans-

forming the partial derivatives of the earth-centered inertial (ECI) rectan-

gular coordinates to the station-dependent W system. By diffeientiat-

ing the foregoing six expressions it becomes apparent that a simple

( substitution of 8w./Opi for w. and 8&Vj/Opi for "kj, where j = 1, 2, 3,

and of x/Opi, By/pi, . . ., 8i/Opi for x, y, . . . , yields

8w 1 4-Cosa + _y_ sina
Bpi Bpi  BPi

w =-,x sin a + _y_ Cos a

8pi Bpi  8pi

etc....
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Also, differentiating with respect to 1, since 8 a/ 81 1,

8w 1 a -X sin a + y cos a = w 2
01

aw2
al = -X Cos a - y sin a = -wi

a*

8w2 - ¢

11

To find the station position in the W system, the expressions

sC
w = (aeA + h) cos *

WS =(beB +h) sin* C
3 e s

are used, where

U s , b2

e .
As = e +a-sin '%,

2a

2 .... e /- IV-, T + COS o 32
se

, 3-22



Differentiating the expressions for w1 and w3 with respect to V. and h,

then,

sIw 1  a 2 e )AsB s sin3 *
TW -w - ae ( -

Cws

w3 s23 3
-; = w 1 - ae(Ze - Z)A3 cos3

's

= cos *

w3
S- = sin *

It is convenient to introduce the three intermediate vectors Q, U, and V

and the quantity R 1 , where

Q = W - W = vehicle position relative to the station

with

Sql 
= Wl " S

qz = w2

q3 = W 3  W3

2ZU Q/R a unitvector inthe directionofQ,wherein R = IQI = ql + q

with

u1  q/R

u2  qZ/R

Su 3  q3 /R

3-23
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V = vector U referred to the East/North/Up system

with

VI =U z
v -Usin V + u3Cos

V = ucos + u sin sin

R vR

with

v= l+V'

Then,

v 3 =sin E

V = Cos E

V2
- = cos A
V

vi

- = sin Av

The expression for , that is needed to determine 8A/ Bt and E/ at may be

obtained by computing U 1/R(W - UI] = I1/R[ - (U •W)U] whereby

V =U 2
L

v =" i sin * + A3co s *

Vl *l + VA
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3.4.2 Range Partials

S2 2 2
Differentiating R = ql + q2 + q3 results in

1R _ Sq3q q
_R U 8. Q = uI 8q_,+ Iq-  I q-- 3

8 pi 1u ~+u 2 _+ U-3
i  pi  8Pi  8pi  8pi

8R _ s

- = U1 W3 - 3w1

SR =UlW2 - U2 W1

8R

-- R -U Cos - 0*U sinr~ h UC5 3

8R
8Rbias

aR R
SKR
8R

--R=R= (U • ,k)
at

3.4. 3 Azimuth Partials

Differentiatino A tan lvw./v_.

r---/cosA-

IA ow 2o A- a sin * +-- cos 0* sinA'
8pi R, 8Pi  - api  aPi

, .. 3-25



8A sin AA n Cos i*+ w 3 sin ':)

BA -W 1 cosA + w 2sin* sin A

81 R

8A

8A I

=a

3.4.4 Elevation Partials

Differentiating E = sin-.lv 3 = cos v,

- -- °  *  + sin

8E 1

_-- 1 3cosD* R wlsin* R- sin
aip R 30 1)

8E 1--s* o , in

a E 1 1 + Esin-

Dh R1  h
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8Ebias

aE Ul Cos %* + 
3s i n *

at cos E

3.4. 5 Range Rate Partials

Differentiating R = (U • *),

akp ap a1/

BR S. S. = w~u I
o, *- WslU 3

81 .= (W2u I - W 1 A2) + (*WzUl 1 ,U2)

a

R-_. =.icoso* - usin i*

8Ra

8 D ,

BR R =(U W) + 3ITT
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where

'( J± + ZLXC

LX - We kSin C + We Cos a 1

t-w e;C°s a- °eY sin a

x- e

3.4. 6 P, Q, 15 ,Partials

These partial derivatives are obtained by differencing the R, R partials,

using the appropriate station locations.

3.4. 7 Doppler (Af) Partials

Differentiating Af = -KDk (l R/c) with respect to R,

8(AM)__ KD( I __-

DR

3-(28

3-28



I'

Then,

a(Af) a(Al) ak

al 8A{ al

aO (Af) a k()O

ah OR. Oh

a(f)bias

a(m) a(m) ORat =aT at8

aK D  C)

' 3.4. 8 To~ocentric Right Ascension Partials

Differentiating RA T = tan-ILz/L 1 = tan-l(y - ys)/(x - xa) ,

BRAT a RA. B_ RATy
-T 

0 T ax~ 0 T By)x-F Opi Ox Opi Oy pi
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Also,

aRA T -1Z

ax 2 L2L 2+ 2?

Z8RA T L IORAT

22 2x

Z 2

aRAT -(y cos ai - x sin ai)c - 1

aT az

aRA T (xLI+yL)

aRAT I i~eL(+es

al 2 2

aRLA L +
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3.4. 9 Topocentric Declination Partia3a

Differen~tiating DT=sn /A = sin ( z1 Vf- 2 - 2 (TaT LDT ODT 8z

8DT_ 8D T _21.x + "T By 4-D-- 8D

8pi 8x api ay 8p: Pi 8z Bpi

Also,

8DT -L IL3ax R,,-(L.2 + ,L 2)1/2

8 DeT Lz 8 DT
2 T

7y L, 8x

8DT - 2 + L 2)1/2

77 Rz

an D+( L? 3

i+

aT L( 1 -yi ?

DT I + .Z

+ R .)os ,* + L2- )1)/2"]j

3-,3i
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-I-
8 D T8D DT (bias )

DT 3 LL 1 i+L12 + (xyx~ Yxs)(oe ] L~ ~

1t +

3.4. 10 Topocentric Hour Angle Partials

Differentiating HAT - RAT,

8FAT 8RAT

api  api

Also,

8HA T  8 RAT

at,.

8HAT RAT-1
81 81

8HAT _ 8RAT

8h ah

8HAT

alHAT aRAT

8t e 8 t
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3.4. 11 Geocentric Right Ascension Partials

Differentiating a = tan" (y/x),

i a. Oa. 8X+ L
8pi ax 8 pi By Bpi

Also,

8x 2 2
x

8 y x 2 + y2

I 
O81(bias)

at 2 +2

3. 4. 12 Geocentric Declination Partials

.Differentiating _tan" (/x2 + Y2 )'
86 36~ exapi ax Bpi By Bpi 8z IP.

whe re

; 86 -xz
asOx - (x + yZ)l/Zx2 + y2 + z2)
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86 -yz

y (x 2 +y 21l/2(x z +y 2 + z )

86 (x2 + y2 1/22222

x +y +z

Also,

86

a6 (bias)

36 _ (xk + y2 + ix 2 + yz !,

at 2 f.,/22+ 2' 2
(x + y + y+ z)

3.4.,3 Horizon Scanner Angle (u) Partials

Differentiating u sin- ('NI x ) x

8u 8u 8X

ap. ax api

Also,

au IT

aX R

O1

au (ba)-v

au au

at ax

3 -

334 K
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3.4. 14 Horizon Scanner Angle (v) Partials

Differentiating v = tan- (sin u tan i),

av av ax

8Pi TX- 'pi

Also,

8X R

av

-v (bas)

at ax

3.4.15 Height (h) Partials

[h ah 8X
aPi 8X 8Pi

Also,

Dh (8hi Di Dh)

ax DIX Dy z/

where

[ll x a e(2 - 3c + z) z2

ax r [rz - (ZE - ( + y23/2
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Vt

2 27
8h, ae (2 - 3E + 2 ) z

y r [r2 - (2 Ez)x2 + y 2 )] 31 Z

8hz 1 ae e(Z - 3E + z)(x + y) 

8z r [r 2 -(Z - 2 )(x 2 + y2)] 3/2

8h
ah(bia)

Oh Ohk
at aX

A A, A
.4.^16 Cartesian Earth-Fixed (x, Partials

Differentiating x x cos a + y sin a,

A
- - cos a- + sin a
Opi  api Opi

A
Ox cos a + sin a + w (y cos a - x sin a)

Dt e

A
Differentiating y y cos a - x sin O,

sInla- + Cos a a
ap ~ api api

A
: - x sin a + rcos a - wo (x c +ysin a)

at a
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rl

A
8 z -ne =

85P i  8Pi
8 . = ,£

A
apt

3.4.17 A, --Partials

The TRACE-D program does not accept A and E as observations, but can

calculate these qunntities for the benefit of tracking stations and can com-

pute the variance of the quantities A, E, R, A, E, and R, given a covariance

matrix for the trajectory parameters. The partial derivatives of A and E,

which, are required for calculation of these variances, may be written as

cosA + -+A(-.sin - sn Cos E
api  Rv LBp p aPB a pi

+sinA - sin V - Cos) - (kv+ tA

YpaCp pi Bpi

and

v[ 3 .Cos (*+,-sin V* L sin E- -cos E<

7- Bpi Rv Bp - -vB i p
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3.5 DATA GENERATION CALCULATIONS

The formulas for computing data for the data generation function are a

subset of the form'Ias presented in Sections 3. 1 through 3. 4, except as

otherwise noted in Sections 3.5.1 through 3. 5.12.

3.5.1 Rise-Set Prediction

The expression

r R - rRcos 2  -sin-l RsCos Er) 0s s  1 m r

where

r = vehicle position vector

R = station positLon vector

E = elevation angle

E m = input minimum elevation or input maximum elevation,
E whichever applicableC

holds when the elevation E is equal to E m in a two-body model. This ex-

pressionis positive when E > Em and negative when E < E m. Preliminary

values of rise-set times are generated by converting the above expression to

a function of eccentric anomaly, 8, stepping from 0 to 0 + 27, and noting
0 0

the times of the appropriate sign changes.

3.5. 2 Rise and Set Times

The actual rise-set times may be computed from the integrated trajectory

by use of the expressions

t(rise or set) tn + At

v3 "sin (Er)
At=~3 iA1 Cos + iihi3 sin -D
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where

t = current timen

v 3 $ ui = values as defined in Section 3. 4. 1

3.5.3 Elevation Angle Refraction Correction

The computed elevation angles (E) are corrected for atmospheric refraction

effects by means of the expressions

E= + rqsi cot E ( E > 0. 1 radian)

x s 106 80
1 T1sX 1000E (E < 0. radian)

where

t = geometric elevation angle

E' = elevation angle measured by radar (data generation output
quantity)

&si = appropriate refractivity index from REFR table

(if 11si = 0, no refraction correction is applied)

3.5.4 Observations with Normally Distributed Random Noise

For observations accompanied by normally distributed random noise,

c n

where

o = observation output r'n data generation run

oc = nominal computed observation

r = added noise
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C.
and

r ncr .+fn sj 53

where

sj appropriate sigma for Type j, Statioi s

Psj = appropriate bias (if any)

n = a random element from a set of numbers with
mean zero and unity standard deviation

3.5.5 Aspect Angles

Aspect angles P and 0 as shown in Figure 3-13 are defined respectively as

the angle between the negative yaw axis and the projection of the range vector

8 / rcil 4c,

\ -J

C,
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in the roll plane, and as the angle between the positive roll txis and the range

vector. The (+) roll direction is the in-track dir.ction and the yaw axis is

coincident with the geocentric radius vector.

To compute these angles, the vectoi from the vehicle to the station first is

transformed from the basic coordinate system to the vehicle-centered system.

It should be noted that the range vector is taken in the sense opposite to the

convention adopted for the TRACE-D program for consistency with radar

antenna pattern conventions (Ref. 7). Thus,

1 = A,, 2 (-R)

where

-(sin A sin a (sin A cos a
+ cos Asin 6 cos a) - cos A sin 6 sin a)

A 1  = -(cos Asin a (cosA cos a -i~o
- sin A sin 6 cos a) + sin A sin 6 sin a)

--cos 6 cos a -cos 6 sin a -sin 6

and wherein A is the inertial azimuth angle, a is right ascension, and 6 is

geocentric declination of the vehicle.

The vector is then further transformed through the yaw, pitch, and roll

angles whiich describe the instantaneous attitude of the vehicle, or

R= A2 , 3 R1 I
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where

1 0 0-os 0 -sin 0 Cos 8 sin 0 l
r r y y

0 -sin e cos JJ sin 0 Cos 0 0

and wherein ( , E are the instantaneous yaw, pitch, and roll angles asy' r

calculated from input attitude-control data.

If then

RZ R .2y

LRzz

the desired angles are given by

-R2 z

Cos ip = -z
CO 2 + R2

Zy Zz

sin 4 = RY

C.ORx
-RZx+ R z +z

JRZ~2y R R2z
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3.5.6 Look Angle

The look-angle computation is similar to that for e above, or

SCos e)L = l
L RI

where

R = station-to-vehicle -range vector
(The components of b are the direction cosines of one of the miss',le
axes in the basic coordinate system. The b components are c6r-
pletely arbitrary and independent of the aspect-angle computations.)

3.5.7 Obsiervation Variances

The uncertainties in observations which are due to trajectory uncertainties

that in turn result from uncertainties in the initialconditions and differential

equation parameters can be computed by

C ( o0 dxt • Pat /ot T[

X PLI y
where

C(O t)- covariance matrix of generated observations (diagozial)

80t
-' Xtt= matrix of partial derivatives of observations with

t respect to trajectory position

) ax 8t= matrix of trajectory p-artial derivatives or solutionsUo of variational equations

C P o) = a priori c ovariance matrix of initial-condition and
diffe rential -equation parameters
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Only variances (not covariances) are computed, and these only for the quan-

tities R, A, E, 'k, A, E.

3.5.8 Surface Range

The surface range equation is

-1

Rsurf Cos [sin 6 sin 0 + cos 6 cos 0 cos(I - M)

where

= tan1[(1 - E) tan 0*]

S geocentric declination of intersection of radius vector
and ellipsoid

0 -geodetic latitude of station

S= longitude of station

X = longitude of vehicle (east from Greenwich)

E = ellipticity of reference ellipsoid

3.5.9 Height

The equation for height is

ah(1 - )

2,x 2 yz1,(2C - e ) r_-

rJ

where

r = geocentric radius to vehicle

a_ = equatorial radius of the earth

E = ellipticity of reference ellipsoid
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I ~3.5.10 Kappa (K)

Kappa, or the angle between the slant-range vrector and the geocentric radius

vector to a vehicle, is given by

K= cos- 1r + R - w)]
5 2rR

where

R = slant range

r = geocentric distance to vehicle

w I , w3 s= station position in W system
1' 3

3. 5. 11 Doppler

The doppler frequency shift is computed by

As KDR(1 R.)

where

KD = an input tonstant (C(29))

c = speed of light (INTEG(40))

3.5. 12 Attenuation

Attenuation is obtained from

A = -40 logl 0 R

---- . - A.= .amplitude-attenuatigin in decibels

R = slant range in feet
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3.6 TRAJECTORY

The position and velocity components X (x, y, z) and X = (x, y, z) of the

vehicle and their partial derivatives Xpi and Xpi (i = 1, 2, 3, ... , n) with

respect to the trajectory initial-condition and differential-equation param-

eters are functions of time defined by their differential equations and

appropriate initial conditions. The equations are integrated numerically,

and at each observation or print time all the quantities X, X, Xpi and

-- (i = 1, 2, 3, ... , n) are obtained by interpolation in the integrated

results. From these the computed radar observations and their partial

derivatives and the trajectory output are obtained (see Section 3.3 and
3.4).

3.6. 1 Differential Equations

The equations of motion of the vehicle follow from

CX I" x+ F
3

r

where

= gravitational constant (GM) of the earth

r = 21/ = (x2 yZ + z)1/2

F = F1 + F 2 - F 3 + F 4 = perturbative acceleration due to
asphericity of the earth, extra-
terrestrial gravitational forces,
atmospheric drag, and low thrust,
respectively.

The initial conditions X(t ) and X(t ), if not given directly, are computed

from the initial spherical coordinates or elliptic elements (see Section

3. 2 for applicable formulas).

C
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The perturbative acceleration F 1 due to the asphericity'of the earth is

derived from the assumed potential function

n

U ~ ~ ~ n(S 4)) +>j en() Pm(sin 4)cos rn(k
n=2 r~ n=2 m1ln)

where

p. = product (G") of the Newtonian gi.avitational
constant and mass of the earth

r, =, = geocentric distance, geocentric latitude, and
(east) longitude of a point

ae = mean equatorial radius of the earth

Jn, Jnm = numerical coefficients

Pn = Legendre polynoraial of the first -kind of degree n < nI
pm = associated Legendre function of the first kind of

n degree n<n 2 and order m

Xnm = longitudes associated with the JnM

In the local horizontal coordinate system, in which the coordinate axes are

directed Up (along the radius vector), East, and North, the F force components

gu' gE' and gN are given by

EUgu = -

-- . (n + I) o eJ n(sin
r =2

n +-n2 n

nmla e) m i
(n + 1)(i) Pn(sin) cos M(X- Xn )

n=2 m= 1
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C
1 au

n2 ( (aen pnc(sin)

Sr m ( e)P Csn)sinc m( - X )]

n=2 m=1

and

1 au
gN = r ae

recursionn formula

prnl inp) pae(inn

c 2 nn r n=Z"

,C

n Z n /a\n
i, n imn (sin ) cos cos m(k - X nm )

~n=Z m=l

S Also, the Legendre functions and their derivatives are computed from the
S recursion formulas

P (in (n - l)Pn._ (sin)+ (2n - 1) sinp Pn-I1 (sin)

P m (sin p m ,(i
nmsin)- (n + m- 1) n-2 z lZ )s n--

Cos < n - m
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0m

p M(s in M-1osn 1 3 ... (2m - l)(cos
cos4

and

, prm (sin4 ) Pn (sin
Pm (sin )cos - (n + l)sin4 C (n - n + ) n+sncos4 o 45

wherein the initial values are

Pl(sin ') sin 1

P-i (sin4 =in

C
The force vector in the ECI coordinate system is then

fgx [Cos c's a -sra. 'sin cos a. [gu]
g cos 0 sin a cos a -sin 0 sin a-

gy sin 0 0 cosE IN

where

C= ag e e(t - t = r.ught ascension
e g

The gravitational attraction of other bodies contributes t he effect

k /x- X. x.Fz --- 1mj  xl +Ix
Ix - jx13  IX j13 + .
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where
m. = mass relative to the' earth of jth body

X. = vector position of jth body as obtained from the
3 JPL/STL planetary coordinate tapes.

In connection with the JPL/STL planetary tapes (Ref. 8) it should be noted

that the tabular planetary coordinates are with respect to the Mlean Equator

and Equinox 1950.0 coordinate system whereas TRACE-D program c ±'ula-

tions are referred to 0 hour GMT of start day, The planetary coordinates

are transferred to the TRACE-D coordinate system before F2 is calculated

(Refs. 9 and 10).

The effect of atmospheriz arag is expressed by

)(VA) )D

where

[ p density at height h above the oblate earth

with

a (1 -E)

CDA

---D drag coefficient (reciprocal of "ballistic coefficient")

X = vehicle velocity vector relative to rotating
atmosphere

C
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with

kA = ay

'A =  wx (where wa is the rotation rate of the
atmosphere)

A IkAI

*0 The atmospheric density is computed from an atmosphere model or certain
C- comtinations of models (Refs. it and 12).

The low-thrust term F4, which simulates only a special form of acceleration
such as might be due to the influence of residual gases, may be expressed as

+ _-T2 (t-t)

F4 =TIe - (for t s

or

F 4 = 0 (otherwise)

where

T 1  initial magnitude of acceleration

T 2 = time constant for thrust decay

t s , tf = start and finish times

be k = irlertiai velocity vector

It should be recognized that arbitrary velocity impulses, or "kicks, " also
L may be inserted into a trajectory profile. rThecc - -1 *4- -'a

described by the time of application tK of the magnitude K of the kick, and
by the deflections G and e. in pitch and yaw, respectively, of the direction ofp
the kick from the in-track vector. e and 6 are referenced, to the in, track

p yvector in accordance with the coordinate conventions previously specified
in Figure 3-7.
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The vector velocity increment then is

Av K(sinE X + cose cos 0 X + cos 0 sin0 X)
p y p r P P

where
X

X - yaw axis = -I- unit vector in radial direction

y X
XXx

X= pitch axis X unit vector normal to orbit plane

X ; roll axis = X X X - unit vector in in-track direction

r p y

3.6.2 £rajectory Partial Derivatives

The partial derivatives of vehicle position and velocity with respect to

trajectory parameters either can be approximated analytically or can be

obtained by a simultaneous numerical integration of the variational

equations. C

3.6. 2. 1 Variational Equatiois

The variational equation for an initial-condition parameter d is

with initial conditions Xa{to) = (aX/a)to, X (to) = (OX/ac)to . Also, for any

differential-equation parameter P, except the specific case where the

parameter is t (i. e., GM) (see Section 3. 6. 2. 3), the vari-.tional equation is

* [ /-.x\. aF-3r . ap

with initial conditions X (t o ) = X (to)= 0.
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In the foregoing expressions for X and X , X = OX/a., X = OX/8a, and

PX and PF/8P are all 3-component vectors. The contents of the square

brackets and 3F/OX are 3 X 3 matrices. The system is solved for each

parameter, and all the numerical integrations are carried out simultaneously.

The matrix in square brackets is calculated as the sum V + T, where

8FO3
a-
OX

represent the dependence of the gravitational and drag accelerations,

respectively,upon the position of the vehicle. The other-body term OF2 /OX

is ignored (see Appendices B and C for derivations of the V andT

matrices). The matrix aF/OX: then is

OF3 _ F 4

T- + -

where

-T (t-t )
OPe- T2(tts)) a (,k,) [T*ieT-= e x ixI)- ,, i -l
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It should be noted that for the two initial-condition parameters a (right

ascension) and n (right ascension of the ascending node), analytic solutions

for the variational equations are available when the forces upon the vehicle

are symmetric about the polar axis. The solutions for a,

8x

-- 0 LZ=0
Oa 8a

and similarly those for n2 are employed in TRACE- D. The additional terms

arising from the tesseral harmonics in the geopotential and longitudinal

density variations are ignored (see Appendix D for derivation of foregoing

equations).

3. 6. 2. z Variational-Equation Initial Conditions

Paragraphs 3. 6. 2. 2. 1 through 3. 6. 2. Z. 3 define initial conditions X(to)

and X (t o ) for the variational equations for the parameters of initial position

and velocity in rectangular and spherical coordinates and in elliptic orbital

elements.

3. 6. 2. 2. 1 Rectangular Coordinates

\3) =( = I (the 3 X 3 identity matrix)

0 0

to3o
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3. 6. 2. 2. 2 Spherical Coordinates

a (Right ascension)

(Initial conditions are not required for this
parameter due to the fact that an analytic
solution of the variational equation for a
is employed.)

6 (Declination)

ax
r = -r sin 6 coo a

-r sin. sin a

K = r cos 6

3*= - cos a

" = - .s in a
C,

= v (cos P3 cos 6 - cos A sin 13 sin 6)

. (Mlight path angle) -

Pik -v [(sin cos 6 + cos A cos p sin 6) cos a

+ si n a]
4e-,
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-V [(sin cos 6 + cos A cos sin 8) sin a

- sin A cos P cos cl

= v (cos A cos p cos 6 - sin ( sin 8)

A (Azimuth)

ax a Oz
• .- TA- -9--

a~ = v (sin A sin 6 cos a - cos A sin a) sin

Av(sinAsin 6 s aL +cos Acos a) sir,.

-=-v (sin A cos 6 sinp)

r (Magnitude of radial vector)

8x x

Fr r
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y (Velocity)

ax av 8z= w 0

V

9 3. 6. 2. Z, 3 Elliptic Orbital Elements

The equations for the partial derivatives of position and velocity components

with respect to the elliptic orbital elements are used both to compute initial

conditions at time t for the variational equations for the elliptic-element
0

parameters and to estimate analytically the trajectory partial dexivatives.

a (Semi-major axis)

SX I~~(X 3M)
a a 2n

5.ic.(ic 3M::3
a a lin X X)

** IIX
3r

_L e (Eccentricity)

YX e, I, &It- X a+ zi +
_ (le r(l e

3-F-7
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r(l- 0).Y

+ 1 Q *" + x
r(1-ee

i (Inclination)

z

KX.=

HX i 2Q!TT

P + z/

z z

whereC

W=Px Q

S(LWn.agitude of ascending node)

(Initial conditions are not required for this
parameter due to the tact that an analytic

solution of the variational equation for n

is employed.)

w (Argument of perigee)

L ~~ ~ P + X --- P+Q

) " 3,58
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r

-r (Time of perigee passage)

ix
L4 

x

r

Initial conditions for the variational equation for epoch time are

x t (to) -- (to0) and Xt (to)= X(to).
o 0

The following "delayed initial conditions", corresponding to the time of a kick,
must be applied in the applicable variational equations for the the partial deriva-

tives, of trajectory position and velocity with respect to kick parameters.

K (Kick magnitude)

XK=O0

XK-sine X +coo 0 coo B X +cosO sin yXp

0 (Pitch deflection),
p

P
Xe 0

p

Xe =K(cosO X -sine cosO X -sine sineyX)
p y p yr p yp

0, (Yaw deflection)

=0

y
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x e -K(- cos 0 sin e x + cos 0 cos exy)yp y

3.6.2.3 Differential Equation Parameter Non-homogeneous Terms
OF

The non-homogeneous terms k, for the differential-equation parameter

variational equations are:

CDA/W (Drag coefficient)

/CFA A\F
CA D

R.L (Gravitational constant)

eX F I + F 2  X

r

Jis Jik' xik (Oblatenest parameters)

Denoting the perturbative force components in the Up/East/North system,
(see Section 3. 6. 1) by

n n n

gu n B nMCos m (X - nm)
r n=2 n2 m=1

5

in,29E E- L F, Fn C sinum (k -Xkn
T n2 m=l" nm n

i6
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n 2 n
9N F, Dn + F, E -EmCOS M(X m)]

r =2 n=Z.rm=1 n

then

agu A.

i r I

89N D.

I r I

agu B. cook(X-X
ik r ik

Og Ciksink(X-X

r 2i

Eikc Ios k(X -Xik)
7- -r 7-i

ikk ii
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C
IgE

ax r k c ik cos k (X X ik
ik r

=8"9N k E k  sin k (X X i
TX 2 ik k

ik r

The component terms are then rotated to the ECI system by the matrix

given in Section 3. 6. 1.

Ti, T2 (Thrust parameters)

8F ."T 2(t t ts )  F4

-TT(t F

8F .T(t - ts)e t) -(t " t) F4  C

S-'(Atmosphere rotation rate)

.B F 1 CDA XT (X)
! WT VA (EX) + Z EX

A v

where

Iy[EX U)
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3.6.3 Integration Methods

Numerical integration for TRACE-D program purposes, including integration

of the differential equations itemized in Sections 3. 6. 1 and 3. 6. Z, is accom-

plished by means of the DE6F subroutine, which is based on the widely known

Gauss -Jackson method. This subroutine incorporates variable -step predictor-

corrector automatic local truncation-error control as well as double-precision

accumulation features, and uses the Runge -Kutta method for obtaining start-

ing values (Ref. 1 3).

The Gauss-Jackson method, which utilizes 6t h differences, has proved to be

remarkably effective in the integration of most satellite trajectories, and in

some restricted but well-controlled tests involving application of the method

to the equations of motion has produced results comparing favorably in both

speed and accuracy with more sophisticated special perturbation methods

(Ref. 14). A recent simple refinement, wherein rounded values of the

U dependent Variables instead of only their most significant portions are used
incalculation, of'the derivatives, has nearly halved the integration errors

previously accumulated in 15 revolutions.

3.6.4 Intepolation

Whenever the position, velocity, and related partial derivatives of a vehicle

are required, the applicable quantities X, X, X and X are obtained byPi Pi

He--mite interpolation (Ref. 15) between integration steps. This technique

permite an uninterrupted numerical integration, is comparatively rapid, and,

as used in this connectionis quite, accurate. In particular, function values

and their first and second derivatives at two adjacent integration steps are

retained to permit 5 th and 3 rd degree interpolations for position and velocity,

respectively.

3.6.5 Trajectory Output

The position and velocity vectors X and X of a vehicle constitute the basis of

the trajectory output in that evaluations of these quantities as obtained by
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interpolation from the result. of the numerical integration permit computation

of both the spherical coordinates a, 6, 3, A, r, v of the vehicle (see Sec-

tion 3. 2. 2) and of its geodetic latitude c(, longitude 1, and height h. Expres-

sions for the latter three quantities may be written

=tan- I/2 21z

a 9 e ( t -t g )

-h1r ae(0 - )

2 x2 + Y
rz J

Also, sub-vehicle latitude iv is given by C

S =6+s( -1 [Esin 26v = + in"I sn6+-I sin 4
Vr r

Optionally, the elements, of the osculating ellipse also are output. Included

among these are the elements a, e, i, 2, w, and -r (see Section 3.2.4)

and-also the following: (Ref. 16)

IM (Mean anomaly, deg)

M ;E - e sin E

whe re

E cos I

-e
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I
f (True anomaly, deg)

ta + tan

(Regression of the node, deg/day)

* 3J 2 a2

31T p •Cos i

& (Advance of line of apsides, deg/day)

3Ja p:- 7/2p2 "4. -

where

p r2 v sin '2

ra (Radius of apogee, n mi)

r a(l +e)a

rp ,(Radius of perigee, n mi)

r = a(I - e)

PK (Keplerian period. min)

K-
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PA (Anomalistic period, min)

PA - K . . .e r, ) (1 -3 sin26)

where

6 = declination

PN (Nodal period, min)

3J a Z(1 - 5/4 sin i)P N = P A p P K 2e 2
,r - a (I + e cos )Z

3.6.6 Initial Orbit Condition Derivation (Gaussian Method)

On option, initial conditions of an orbit may be calculated from two sets oof

range/azimuth/elevation (RAE) observations in accordance with the following

adapted procedure (Ref. 1 7). Letting

X1 = Cartesian vector associated with first RAE observation point

X 2 = Cartesian vector associated with second RAE observation, point

W 1 2 = unit vector perpendicular to observation plane

xIU I Ix A nt vector parallel to X1

V W x U unit vector perpendicular to U1 and W

(
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values are computed for

S1 1 Xl " Z

f= (v 2 -v 1 ) =-arc cosX

j -1 (t2  - t1 )

92 2(1X11 1X21)1/2Cs

Setting g(O) f, g may then be found by means of the iteration

g3 = sin g(i),

94 = cos g(i)

g5 = sin3 g(i)

g 6 
= sin g(i)

97 = g2 - 94

g9 = (g7 )

Also,

-- 1v ---- +.-(g(- g g 4 )
Ag=g3/g I - 1 ) 1g +3(g(i)

g9 \2g 8  96 94 93 ) ]
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and

g(j+ l ) - g(i) _ g

g 9~ 1 Ag

Iteration is continued until Ag _ : E.

The Keplerian elements are then given by the relationships

Ixll+ lxl -z lxll xzlCos g Cos f
Ix, I+ 1X21I - 2 iFX1I -IXjgos

2 sin g

e cos E 1

al

e cosE = 1 -
2 a

esin E1  Cos Zg [e cos E- (cos Zg)(e cos E1 snZg 1 E2 ]

-(sin Zg)(e cos E2 )

e sinEE tan- 1  1 (0 E l < 2 r)
Li e cos

e = [(e cos E l z + (e sin

T =t, - (E l -e sin E1 ) a3/ (a > 0)
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//

i=cos-I (0 i < 7r)

-W--tan" (1 xir

y

cosE -e
Cos V1 =- e cosE 1

i.
- eZ sin E

n = -e cos

0 U U I Cos VI  VI sin v 1

=u = I sinv I1 + VI Cos vI1

-1 ztan 7- (0 - ci < Zr)
z
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3.7 DIFFERENTIAL CORRECTION AND

ASSOCIATED COMPUTATIONS

The basic problem of differential correction is determination of the change

or correction of a given set of parameters t,.at is necessary to permit some

specified result to be achieved. For the present case the goal is to minimize

the weighted sum of the squares of the differences between the observed radar

data and the correspon, 6 quantities computed from the observational model,

which of course includes the trajectory and observation parameters to be

corrected.

In this discussion, matrices and vectors in general are denoted by Roman

capitals and their components by corresponding lower-case letters with

subscripts where appropriate. The following notation and nomenclature als

are applicable:

n = number of observed quantities

m = number of parameters C
k = number of effective parameters (m minus the number of

constraint equations)

o. = ith observationI

T . = radar sigma (multiplicative weighting factor) to be applied
sJ to data- type j from station s

Psj = radar bias (additive weighting factor) to be applied to j
data- type j from station s

O = vector of weighted residuals (differences between observed
mc and computed radar quantities)

P = vector of parameters

AP = correction vector for P

O = diagonal matrix representing bounds on solution AP

(
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A matrix of partial derivatives:

aO,.
a. - i 1, 2, . .. , n ; j= 1, 2, . , m

AT = A transpose

W = n X n weighting matrix, diagonal except for 3 x 3 matrices
on the diagonal, where the rows correspond to correlated
observations. The complete matrix is never formed but is
input in inverse form, where observation sigmas are the
square roots of the reciprocal diagonal elements and the
input observation covariance matrices are the inverse of the
3 X 3 sub-matrices.

B = constraint matrix

3.7.1 Sigmas, Covariances, and Biases

Usually some information is available concerning the characteristics of the

observations in terms of random noise, biases, and, in specific cases,

correlations. Such information may be included in the least-squares process

in the following manner.

If it is known or suspected that a certain set of data exhibits a constant bias in

either data or time, the Pj are applied to the appropriate components of 0
mc

before weighting. Biases may be included as parameters to be differentially

corrected. It so, the derived value is automatically applied on each subse-

quent iteration. If a constant bias is to be applied, the parameter may be

selecteu, the desired value entered as the estimate, and the bound set to
Z TO.

The most common form of weighting involves use of apripri standard deviations;

in generalone value for each type of data from .each station, Under th --p tion

the elements of A and 0 mc are simply divided by the appropriate sigma. In

the case of correlated observations (at most three observations of the same

set taken at the same time), the weighting is accomplished by means of the

inverae of an input 3 X 3 covariance matrix.
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3.7.2 The Unconstrained Normal

In its simplest form, differential correction involves the solution of the

linearizedi problem (ATWA)AP = ATo . AT WA is the normal matrix. Inmc

TRACE-D procedure, if ATA = 0 initially, the normal is formed by accumu-

lating A'WA = TWA + aTwa and A TWOmc A WOmc +a wo mcwhere a

represents one row of the A matrix and the W is the a priori weighting sigma

it. the case of an uncorrelated observation. Where covariances among

observations are encountered, a is a 3 X 3 matrix formed with the three

appropriate rows of A, and w is the inverse of the appropriate input 3 X 3
covariance matrix.

The weights and biases as defined in Section 3.7.1 and introduced into the

notation of Section 3. 7. 2 also are implicit in connection with all operations

with A and Omc in Sections 3.7.3 through 3.7.7.

3.7.3 The Contrained Normal

It is often desirable to impose linear constraints of the form AP = B(AP') + C,

where P' is some subset of P and C is a vector of constants, on the solution.

For example, if it is assumed that the parameters to be solved for are

p =S 1 (latitude), p2 
= SI(longitude), P3 

= SZ(latitude), P4 = S. (longitude),

and p5 
= S2 (range bias), where S1 , Sz are two radar stations, the requirement

that the positions of the stations relative to each other remain fixed is equiva-

lent to the matrix equation

Ap1  1 0 0"

Ap 2  0 1 0 VPl

Ap 3  1 0 0 x +[ °]

Aip4 0 (11 P5
Ap 5  0 0 1

AP B AP C (
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The problem then effectively becomes one of solving the reduced system

. A)T(AB)(A-P') = (AB)m Thus if a. is a row of A and if A A 7 0 initially,

1c T T Tthe constrained normal is formed by accumulating A A = A A + (aiB) (aiB).

S3.7.4 Bounds

Given a set of bounds gi, the corrections Api to the components of P are

either less in absolute value than gi if gi > 0, zero if g, = 0, or unrestricted

if gi < 0 for i = 1, , m In cases where constraints are to be applied,

the bounds are adjusted accordingly. For example, letting

m (sign g.)
h (j= , 1, ... ,k)

(g

I
k new bounds, g., are formulated by the program where

g . if h. > 0
" h.

gf =Oifh. =0

g<0 ifh. <03j 3

It should be noted that g' = gi for a variable not appearing in any constraint

equation and also that specifying bounds equal in magnitude but opposite in sigri
for two parameters to be corrected by equal increments will result in a zero

correction to both.

3.7.5 Solution of the Normal Equations
T TWith the m X m matrix A A, the vector A 0 , and a set of bounds g. given,mc' an e o ons.gvn

and assuming m parameters pl, P., and P3 to be corrected, the problem
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is to ninimize IIAAP - 0mc 11 under the-side condition that E(Api/gi)2 < 1,

with the sum taken over all i for which gi >0.

It may be assumed without loss of generality that g, 1 0, inasmuch as g. = 0
thatAp.- 0 nd lso hatthe. th

implies that AP 0 and also that the i row and column of the normal matrix

may be ignored, which simply reduces the dimension of the problem. Letting
G be the diagonal matrix, such that G.U = 1/g. if g, > 0 aud g.. = 0 if g, -5 0,

the requirement is to find such a value of z that the solution AP' (z) of the

linear system (A A + zG ) AP A 0 satisfies the given side conditioa.
This involves the two processes of choosing the best value for z and accom-

plishing the actual solution of the system.

It is important to recognize that for the constrained case the only change

required in the notation given in the following Sections 3. 7. 5. i througl. 3. 7. 5. 4

is substitution of k (the number of effective parameters) for m.

3.7.5.1 Determination of z

The first step in the determination of z is to obtain AP' (0), or the SoltLion

to (ATA)AP = ATO mc. If then I(Api/gi)Z < I + El, the problem is solred.

If not, y(z) T (Api(z)/gi )2 - 1 must be defined. Noting that y(O) > el, coin-

putation of y(h), y(10h), and y(100h), where h is some preset constant, is

carried out until either a value of z = kh is found such that -e -< y(z) _< Ci

in which case AP(z) is the solution, or two values of z are found such that

Y(zI) > i and y(z 2 ) < "EZ) whereby the required value of z is bracketed.

In the latter case a value z3 is chosen betweez. and z2 in accordance -with

z = 0.8z + 0. 2z2 , wherein the coefficients 0. 8 and 0. 2 are fairly arbitrary

and zI and z2 may have been interchanged to bring z 3 closest to the value of
z giving the smallest y(z).

If - E2  y(z 3 ) < EI A P' (z3 ) then is the solution. Otherwise, inverse quadratic

interpolation is used to obtain a new guess, z4 . Si-railarly, if -e y(z 4 ) - '

A?' (z4 ) is the solution, but if not, the two values of z from the set jz 1 , zZ,

z 3 , z4 )which bracket the solution inost tightly are chosen and the process is

3
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repeated. If more than twenty solutions of the linear system are required,

the process is abandoned.

In the foregoing, cIand 2 are suitably small positive constants.

3.7.5.2 Solution of the Linear System - Matrix 0perations.

In the expression (A TA + zG 2 ) AP = ATO mc, which defines the linear

system to be solved, let the term A TA + zG 2 = C.

It is then desired to find a matrix S such that SCS= D ,wihere S is lower

triangular with (-1) on the diagonal and D = diag (d 1 , ... , dn).

Since S' must be lower triangular with (-1) on the diagonal and of the same

order as C' it must be of the form

S,(S I
W T -1)

and the requirement D' is equivalent to solving for a vector W and

a scalar b such that

0) (C :) (S T) (D 0)D'

W~~ ~~~ I 1 0 b
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It is easily verified that W S TDl Sd and b a - WTd satisfy the foregoing

equation.

The computations are carried out in accordance with the above outline, start-

ing with the Z X 2 matrix C.., i = 1, 2, ; j = 1, 2 and continuing until the

decomposition

S 0 ATA+ zGz A :T c) (ST W D 0

wT " \Oc A  Omc mc -

has been found. Completion of the multiplication indicated on the left side of

this equation shows tha't the m-dimensional vector W is the solution to the

linear system.

3.7.5.3 Residuals Prediction

The predicted RMS of the r.esiduals

I opc II = IIAP - Omc II
Lm

is computed from the augmented normal matrix

2 T TTIIAAP- II [(A AAP) AP] -2,[(A 0)mc AP] +O O

3.7.5.4 The Inverse Normal

(AT - = STD - S

wherein S and D are as defined in paragraph 3.7. 5.2.
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3.7.6 Convergence ot the Differential Correction Process

The IIOmc ii is a measure of how well an orbit computed on the basis of a

given set of parameters P fits corresponding observed data. IIOPmc 11 computed

in accordance with paragraph 3.7.5.3 is an approximation to 1lOn i which

would be obtained by replacing P by P + AP. This approximation would be

exact if the least squares problem were linear, which is equivalent to P

being in a sufficiently small neighborhood of the minimum point.

Convergence therefore is reached when further corrections to P would pro-

duce no significant decrease in JIOmcJJ I or no over-all improvement of the

residuals. The criterion is either

'!mc I - IOmc I
10 Omc 11

or

IIO m c 
II  " n '/2

where

n = number of observations
E 1 E H = input quantities

If 0i mc is decreasing with each iteration,,, the process is converging and the

bounds are expanded at each step by a multiplicative factor PI to permit faster

convergence. On the other hand, if IIOMC 1i is increasing from one iteration

to the next, the process is diverging and the last corrections are presumed to

have altered P too drastically. In this situation the previous values of P and

the corresponding normal matrix are retrieved and resolved with tighter

bounds g' such that the weighted length JIG' -AP" 11 of the solution is reduced

to times its previous value. and P2 are 'input constants.
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3.7.7 The Correlation Matrix

It has been shown in Section 2 that if the mathematical model is exact, if the

observations are linear functions of the parameters, if the observation er rors

have mean zero and are independent, and if the input values of a- . are correct,

the inverse of the normal matrix then is the variance-covariance matrix of

the parameters that arises because of the random errors in the observations.

If the elements of this matrix are given as cij, the corresponding correlation

matrix has elements
C..

c'. 13 (i, j, = 1, z, ... .. .m )i j i -i C j

If all the assumptions noted above are true except that all a- . values are insj
error by a constant multiplicative factor, then the values in the variance-

c,.variance matrix will also all be in error by the same factor.

3.7.8 The Scatter Coefficient

The scatter coefficient (Ref. 18) may be expressed by

1/2 /det 2ATA-I

S =1det IL z-

where

c. . = correlation matrix for the least squares parameters13

ATA] = usual normal matrix inverse or variance-covariance matrix
/

T* i. diagonal elements of 'AA]-

1

3-78



3.8 OTHER TRACKING CALCULATIONS

3.8.1 Proximity Testin

Input quantities are denoted by ,h- set
¢

ip i hip o.

where

D* = geodetic latitude

X = east longitude

o/ h = altitude (height}

R* = range to be tested against (critical range)
0

i = 1, 2, 3, = number of site designated by P, X, h

3.8. 1. 1 Input Conversion (INCNI)

Input units must first be converted to working units, wherein degrees and

feet/nautical miles are expressed in terms of radians and earth radii,

respectively. The input set thus is converted to a set of working parameters

denoted by

, ij R*}
0

where X., v, are site (i) coordinates. X, -j. are then computed from the

relations

([(1 EZ) in' 1/Z
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II

and

a (1

Tei . ) 1/ -i
=[(I -Zsin Z  ]/ isn '

where

a = semi-major axis of the earth
e

e = ellipticiy of reference ellipsoid

3.8.1.2 Proximity Test

After the inertial-coordinate components of a site (i) position vector at time t

have been computed, the position vector r is determined by
1

Xs (t) =X. cos a

r I y s(t) X sin a s1 5.

z W T- .11

where

Qs. =ag +Ce(t- 0+) .

a = right ascension of site (i) at time t

a = right ascension of Greenwich at midnight of epoch
gii

= rotational rate of the earth -

e

t = epoch time in minutes0

X. = east longitude of site (i).

38
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The proximity indicator is printed if the satellite of interest is within the

sphere of influence at a proximity-testing time (integration-step time). It

is therefore apparent that a necessary and sufficient condition to print this

indicator is

IRe, R*
1

where

R. = magnitude of range vector from site (i) to satellite
Ic 1

r -r
1

=[x(t), ylt), ZWt) - [Xs.(t), Ys.(t), Zs.t)]
S1 1

R* = critical range from site (i)
0.

1

3.8.1.3 Output Quantities

If proximity with respect to site (i) is detected at time t, the quantities listed

in Table 3-1 will be printed.

r
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Table 3-1. Computer Output Quantities for Proximity Condition

Quantity Computer Symbol Units

Satellite range R*(i) nautical miles
from site (i)

Date XX/YY/ZZ month/day/year

Time T minutes from
midnight of day
of epoch

Geodetic latitude LAT(GD) degrees

East longitude LONG degrees

Altitude ALT nautical miles

Inertial azimuth of AZ degrees
velocity vector

(
3.8.Z Elevation-Angle Refraction Correction

Input elevation-angle observations are corrected for atmospheric refraction

effects by

E - qsi cot E (E 0. 1 radian)

or

E' =E- 1_ ls x 106
si 80

1000 12 + 1000 + 6 + 1000E (E < 0.1 radian)

where

E = input angle

si = appropriate refractivity index from REFR table (no correction is
made if q1. 0)

3-8
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3.8.3 Vehicle Height

The height observation and all vehicle -altitude computations are obtained from

a (1 -

h- - e

r

3.8.4 Propagation Time Correction

A correction for propagation time, may be made for the usual cases of radar
observations wherein reported, observation times are the times when pulses

are sent or received at the station. This adjustment to the input observation

time is

RAt c
rC

where

R = computed rangec

c = propagation speed with appropriate algebraic sign

In the case of height data,

c
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3.9 RESIDUALS ANALYSIS

3.9. 1 Orbit-Plane Residuals

The basic purpose of the residuals-analysis link that is presently avail-

able in the TRACE-D program is to permit resolution of residual

vectors into the orbit-plane coordinate system. At this time, capability

exists for resolving three types of residual vectors having the following

related data types:

AA A
a. x, y, z (rotating earth-centered)

b. aT, 6 T (topocentric right ascension and declination)

c. R, A, E (range, azimuth, elevation)

The vector and matrix products necessary to obtain the desired orbit-plane
A A A

resolution for the x, y, z data types are

AT A\ A A (
X X, y, Z

and

AT A A A

A X AX x, AY , Az

Resolution into the orbit-plane system may then be obtained by

A(OP) = MTAAX

where

Cos OL -sin ag 0

A sina COSa 1 = right ascension of
g o g jg Greenwich)

0 1
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t c
x x x

M r t c (r =X/IXj; c (Xxk)/(IXxx:J); t cX r)

'T y
r t c

z

In the case of the aT ' 6T data types, the calculated slant range R is neces-

sary. Letting

sT =[R' aT' 6T]

AST =[AR', AT, A6T]

wherein AR usually will be 0, then for resolution,

A(OP) = MTBAS

where, dropping the T subscript,

rcos a Cos 6 -R sin a cos 6 -R cos a sin 6]
B in a cos 6 R cos a cos 6 -R sin a sin

.:sin, 6 0 R cos 6

For the R, A, E data types, leting

uT [R i A, E]

AU T [AR. AA, AE]

3-85



p4

then for resolution,

a(OP) MTDEFAUT

where

Cos A Cos E -R sin A cos E -Rcos A sin E

F sin A cos E Rcos A cos E -R sin A sin E

Lsin E 0 R% Cos E J

(V = station geodetic

E 1 0 0 latitude, 0 = station
declination)

cos (!P" sin (*P

Cos a cos 6 -sin a -cos a sin k

D =sin a cos 6 cOs a -sin a sin6

sin 6 0 cos 6

3.9.2 Time Residuals

The observation-time adjustment which would cause a residual to go to zero

may be estimated by

AR.
At. -

1
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where

AR. = representation for any unweighted residual1

R. = time derivative of the same observation type
I computed at the observation time

A t. = time residual
1

The residuals analysis link auto m-atically performs this computation for
AA ti f

data types x, y, z, a.To 6 T and R, A, E if they are entered and outputs

the corresponding time residuals in units of seconds.

3.9.3 Propagation Time Correction

The propagation-time adjustment to observation times in RESIDUE is dhe

same as in the orbit determination links (see Section 3.8.4).

3.9.4 Residual Vector Magnitude

The magnitude of the residual vector for a set of three observations is

given by

RT + +

,wher e

, r, = radial, in-track, and cross-t-rack vector components
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SECTION 4

TRACE-D PROGRAM STRUCTURE
-j

4.1 GENERAL

The TRACE-D program is written in the FORTRAN-II language, which is

intended to be used with the IBM 7094 FORTRAN Monitor System. The basic

TRACE-D program structure consists of a series of eleven major independent

links connected by the CHAIN feature of FORTRAIN-II. Each link in turn

incorporates a series of large blocks, or major subroutines, each of which

makes use of many smaller sabroutines. TRACE-D consequently is an

extremely flexible program that not only is easily expanded and modified but

also whose flow of computation is easily understood.

The single factor restricting TRACE-D use to the IBM 7094 computer unit is

occasional utilization of FAP, which includes the FINP-input, ARDC-1959-

atmosphere, numerical-integration, and gravity subroutines.

A general TRACE-D program flow chart is presented in Figure 4-I.

4.2 PROGRAM LINKS

4.2.1 CHAIN

CHAIN is the only link that must be executed regardless of the mode (of

TRACE-D program usage. This link reads basic data, prints a header, sets

s everal options to their nominal -vlues, and computes the Julian date and the

orientation of the earth.

4-1
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Figure 4-1. General Flow Chart for TRACE D
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I
4.2.2 TRAIN

The TRAIN tracking input link reads radar station location and observation

data, which may be on the BCD input tape produced -by the IBM 1401 or on a

binary tape previously written by TRAIN. The observations not only are

sorted chronologically, but a compacted list of the observations is produced

which eliminates storage corresponding to blanks in the information reported.

In this way approximately two hundred observation times can be handled in

core on a 32K machine without resorting to intermediate tapes.

The binary tape produced by TRAIN containing the sorted and compacted

observation data may be used either on successive runs or for the next case

of the same run. All units of this data will have been converted to an earth-
radii/minutes/radians system, with observation times reduced to minutes

from midnight of epoch. TRAIN also prints the tracking input and decodes

and prints input concerning parameters to be solved for by differential

c correction.

4.2.3 INITA

The four modes of operation included in INITA are trajectory-only, orbit

determinati-n, data generation, and residuals analysis. The trajectory-only

mode converts and prints the input initial conditions, sets up the print times

specified by the input, and determines the parameters for which the varia-

tional equations are to be integrated. In the orbit determination mode, INITA

must be entered at the beginning of each iteration. For the first iteration

only, the initial conditions are converted and printed and the no- editor is

cleared. For all iterations, the tapes are set to their correct positions and

the low thrust is reset. In the data generation mode, the initial conditions

are converted and printed. In the residuals analysis mode, the tapes to be

used are set to the correct position.

4.2.4 INITB

INITB includes the four operational modes noted above for INITA --

trajectory-only, orbit determination, data generation, and residuals analysis.

4-3
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In the trajectory-only mode, the numerical integration is initialized for the

orbit and the variational equatio'ns. In the orbit determination mode, the

numerical integration is initialized for the orbit and variational equations,

certain radar station location quantities are computed, anc the no- editoko is

reset, except on the first iteration. In the data generation mode, station

locations and data specifications are read and the numerical integ-ration is

initialized. In the residuals analysis mode, certain radar station location

quantities are computed.

4.2.5 FITA

The function of FITA i.: to read the compacted dat. tape produced by TRAIN,

perform the necessary numerical integration to obtain vehicle position and

velocity at the observation times, and write a trajectory tape to be used by

FITB and RESIDUE.

4. z. 6 FITB

The function of FITB is to read the compacted radar data tape and the fj:
trajectory tape, compute the radar residuals and partials, and accumulate

the ATA to be used in LEAST.

4.2.7 LEAST

The function of LEAST is to determine and print the corrections to be made

in the differential correction procedure.

4.2.8 MAIN

The function of MAIN is to integrate the orbit and variational equations for

the trajectory-only option. MAIN interpolates and prints output at the times

specified by the input print vector.

4.2.9 GAINA

-he function of GAINA is to perform the numerical integiatin and to write

a trajectory tape for the data generation computations that are to be

accomplished in GAINB.
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4.2.10 GAINB

The function of GAINB is to read the tape produced by GAINA and to compute,

sort, and print the radar data observations specified.

4.Z.11 RESIDUE

RESIDUE performs a variety of functions associated with error analysis of

remaining residuals (i. e., residuals which remain after convergence of the

least-squares fitting process). It also performs certain differencing opera-

tions which allow for comparison of ephemerides, measured observations, etc.

4.3 STORAGE MAPS

4.3.1 Tab Listings of Kiy Storage Area Functions

Figures 4-2 through 4-12 illustrate various TRACE-D program tab listings

which describe the functions of certain key storage areas. Although these

listings are of primary interest to the TRACE-D programmer, they also pro-

'vide insight into the operating logic of the program and in some cases serve

as a sum.nary of input cell usage (see Appendix A for description of INTEG

and C storage areas). The listings presented in Figures 4-2 through 4-12

refer to the following storage areas:

a. NUMB h. TEMP (as used for integration}

b. IFLAG i. TEMP (as used by Subroutine

C, DRAG FILL in Link FITB)

d. CNDT j. TUMP

e. DPRAM k. PUSH

f. KIND 1. COMMON

g. XTRA

It should be noted that storage area blocks within the COMMON storage area

(Item i.) that are needed fenv all links, for. fit~ and dat._ -5 ene r-ation' lizks, and-'.
for fit links only are listed respectively in Figures 4-13. In these listings

the given columns represent the symboli: designation, dimension, and deci-

mal and octal origin of each of the storage area blocks noted.
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mums NUMBER OF

SET tI

1 RADAR STATIONS TRIN As
2 OBSERVATION TIMES TRAIN

OR STATIONS REQUIRING SIGHTING EPHEMERIS DATA TRAI
OR STATIONS REQUIRING SIMULATION DATA DUN

3 WORD IN COMPACTt.D RADAR 03SERVATION LIST -TOTAL TRAIN
4 WORDS OF COMOACTEO RADAR OoSERVATICNS IN CORE NOW TRAIN
5 DIFFERENTIAL EQUATION PARAMETERS TO BE SOLV=ED FOR -CHAIN
6 INITIAL CONDITION PARAMETES- TO E SOLVED FOR CHAIN
7 RADAR STATION PARAMETERS TO BE SOLVED FOR KING
a RADAR OBSFRVATION PARAMETERS TO bE SOLVED FOR KING
9 PROGRAM TAPE UNIT REIN - PrAPE

10 MAXIMUM ITERATIONS ALLOWED CHAIN- MAX[IT
11 TOTAL PARAMETERS (SUM OF 596.7 AND 81 TRAIN
12 IRAJECTORYVPAWAMETEOS (UM OF 5 AND 6) TRAIN
13 OBSERVATIONS (TOTAL NUMBER OF MEASUREMENTS) TRAIN
14 PRESENT ITERATION MAIN
15 BASIC IYPES OF- ObSERVAIIONS CHAIN
16 SIZE OF SUFFERS IN DEAN (0 DATA) - IF - 0. SET TO 5000 DEAN
17 TOTAL RADAR PARAM5TERS %SUM OF 7 AND 8) TRAIN-,
is IAPt UNIT F-OR PLANETARY COOROINAIE TAPE CHAIN- 47XPFEZ
19 SECOND ORDER DIFFERENTIAL EQUATIONS BEING INTEGRATED IMCN

13*(l+NUM5(12)*IFLAG()
20 I0IdLt AiLNVS C- RAUA WAAMtEEK CHAIN

ILAT# LONG, HEIGHTs.AND BIASES)

21 WORDS IN CORE FOR SIGHTING EPHEMERIS BUCKET CHAIN
PO FSMILL KIML OF SLUIIIN5 UgrKA CHAIN

23 DATA NOISE CONTROL (ZERO FOR NO NOISE, NON-ZERO STARTS CHA4- NOISE

24 OSIIONIN IINLISI or- 1UNZ-TION OEIN EXECUTA-

25 EFFECTIVE PARAMETERS BEING SOLVED FOR CHAIN- KNST
INUMB(111-(NO.OF CONSTRAINTS))

ZO [Art~ URIF IrV vitntRAaINU ULU SIAIN ANO F.~EX
OBSERVATION TAPE (IF ZERO* NO TAPE GENERATED)

2T FLOCKS OF DATA TRAIN

28 TAPE UNIT F-01 ECLIPSE COO D TAPE CHAIN
29 CNOT USED)
30 ELEMENTS IN ATA 14A'IN
31 TAF& UIJNI FtK NOMINAL TMAJ. FOK OIPFFERINCI KUM INAL MAPFE

(LOGICAL NO) §UTFE ON-CHANNEL B IF NTIPUT,SET 715 INSB TN_ INPAL WHEN IFA~SNT 0.
32 TAPE UNIT FOR DIFFERENCED TRAJ. FOR DIFFERENCING RUN INPAL- OTAPE

(LOGICAL NO.) MUST BE ON CHANNEL A FOR AUTOMATIC
PLOTTING* IF NOT INPUTP SET '14, WHEN IFLA6I15) NON-ZERO.

33 MAXIMUM4 NUMBER OF 2ND DIFFERENCE EDITOR tTERATIONS
34 NUMBER OF 4 COLUMNPARAMETERS
35 NO. OF PERMANENT STATIONS - INPUT POSITIVE IF VAKIABLE

STATIONS ARE USED, INPUT NEGATIVE IF ALL STATIONS
ARE VARIABLE STATIONS

36 MULTIPLE SATELLITE INDICATOR TRAIN,9
INITA ,F TA

37 (USED INTERNALLY)
3a RESIDUALS ANALYSIS INTERMEDIATE TAPE (LOGICAL NUMBER)-

MUST BE ON CHANNEL B.
39 RESIDUALS ANALYSIS DATA TAPE (LOGICAL NUMBER) - MUST BE

ON HANELA-
40 (USED INTERNALLY)
41 ZERO. INDICATES DATA TYPE 7 HAS R-OOT RADAR DATA IN FIELD 1.

NON-ZERO, INDICATES DATA TYPE 7 HAS DEL7A-F DATA IN FIELD 1.
42 CONVERSION CONSTANT FOR DISIANCES GENERATED IN GAIN.*'

MUST BE INPUT = 34.43.9336 NM/ER OR 6975.246 KYD/ER
43 LOGICAL TAPE NUMBER FOR ANOTHER COMPACTED DATA TAPE TO BE

GENERATED IN TRAIN FOR DESIDUALS ANALYSIS.
44 LOGICAL TAPE NUMBER FOR TRAJECTORY TAPE TO BE USED TO

OBTAIN CALCULATED ObSEMVA1TONS AND RFFERENCE ORBIT O
RESIDUALS - MUST BE ON CHANNEL B.

45 LOGICAL TAPE NUMBSER FOR TRAJECTORY TAPE TO BE USED TO ____

UOTAIN MEASURED OBSERVATIONS FUN RESIDUALS ANALYSIS.
MUJST BE.ON CHANNEL 8.

46 NOM-,ZERO INDICATES SPECIAL TRAJECTORY TAPE GENERATION TTAPE
=It FIRST 15F MULTIPLE CASES
'.2t OTHER THAN FIRST OR LAST CASE
-3, ONLY CASE
x4t LAST OF' MULTIPLE CASES

'47-50O (NOT USED) .I

Figure 4-21. NUMB Storage Area

4-6,



IFLA.:' IONLNDIACTrJP4

I CU~RR&NM FUMCTON 6Et'~s tXECUTED 41-1 lTRtr1JJ
-_______ 2f XRCKING

,4 4 i- G~AIN
*7, RE,'CIDUE

3 CUJRRENT' LINK BS~ING SX~cTeO -

4 M-~NFOR EXIT FRO'1 #F1LN N~I~*P ~ O T,~ S.

5 CORRECTIONS ARE HIVT-rrG aOUND5 (1) OR 40 to')-

0COLE ST10E Ri I*tQ --ANALYTIC TA4SCIMY' PAAT!A( S (0) OR VAR:4TIONAL EQAOUN rwU 1

0~ (NO' USED)
11 T-M'X4TI OPTION4 IF-0. hO T-,ATRIX -- - ,TK,41T

-2, INPUT /F 0,USE -FLk,--~l&4
________ Z3, CALC. *~~/H, ART- -k~H N

12 PARAqER SPECIFYING SE0UENa. FFJ4TIN O8
13 -RFC Mso

-5 RAJEC-T0,RY COMPARISON )2PTION 91r
IF [0IFF 911s REGIJL ,, -~JTORY

x2t LST COM AIPONPFFREC.S *9ITTE4S k-YA
s~ dOTocR rmAm FiRST oR Lx~t co1piA WSG eASE

'6, tAT-COMPARtSJi $PO -
16 TAP,1 UNIT FOR, TgAJCCTORlf ____________ ______________--S!~l-tau O

r 9 C$.OM-FlRaN(xim~nA-AYIn1a

2~ IN~R~' E O,4TE- -N pl- illizoas- lbE- -

'2 4 Ot l y UE O4FALRAR1itJ0 A 4CLU.l~L8A iA- AI

~~~4'gu 4,~ ~~1i- -



C

DRAG INPUT
NAME

I CDACW
2 ATMOSOHERE OPTION9 IF z 09 ARDC 1959

2 1s, LOCKEE
3 DI 6X3 fLOCKHEEDX
4 0 Z -15.664 (LOCKHEED)
5 INOT USED)
6+ INPUT DRHODH*Hi/RHO FOR H BETWEEN 76 AhD 108 N.Ml (-8.6)

7 INPUT DRHOD4H/RHO FOR H BETWEEN 108 AND 376 N MI -5.55)

9 USED INTERNALLY S T E INTERPOLATED VALUE OF CD FROM CD TALES
10 IF NON-ZERO, USE DRAG TABLE. xl*0RAG TABLE VS ALT AND MACH NO

11 CRITICAL ALTITUDE. ABOVE - Use ALT TAsLa
BELOW - USE .ACH NO TAKLE

36-59 - CDA/W VS MACH NO
60-99 RESERVED FOR LATER USE
-'O+J---%.JIQN NUV dEK -OTT"KI - T REV-

' 01-120 RESERVED FOR LATER LSE

, Figuve 4-4. DRA~G Storage Area

CNOT - PARAMETER t.tT- CODES ARE IN ITR¢O

1-6 INITIAL CONDITIONS7 T-7-ERO
. ... CDh/W

+9 Gm
11-18 JE-J).O

39-5'3 LAMBDA21-LAMSDA46 S.AMF
A q tUSED iNTERNALLY)

61 Tl ThRUST IT1.4P 2T
- 62 T2

80-87 ICS, TO, ARa DRAG FOR SAT4L|.I+AE 0. 3

+116-12: ICS, TOr -D Lk-R'FO FAt'-LLITE hOc

SFigure 4 iee,-5. CHD)T; j ae at) Storage Area
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DPRAM CODE LIST POSITION INPUT-
IN NAME

CNDT LIST
1 2 3 4 5 6 7 8 9 10 11 12

DDPRAMCOA/W GM J2 '3 J4 J5 J6 J7 J8 J9 J10 J21 8-19
D3 J22 J31 J32 J33 J41 J4Z J43 J44 J51 J52 J53 J54 20-31
D5 J55 J61 J62 J63 J64 J65 J6b L21 L22 L31 L32 L33 32-43
D7 L41 L42 L43 L44 L51 L2 L53 L54 L55 L61 L62 L63 44-55
D9 L64 L65 L66 OA TI T2 56-67

D11 * ALPH DELT BETA A R V TO CDA/W 68-79 PSATZ
D13 * ALPH DELT 5LTA A R V TO CDA/W 80-91 PSAT3
015 * ALPH DELT BETA A R V TO CDA/W 92-103 PSAT4
D17 * ALPH DELT BETA A R V TO CDA/W 104-115 PSAT5
D19 * ALPH DELT T A 9 V TO CDA/W 116-127 PSAT6

* REFERS TO SATELLITES 2-6

Figure 4-6. DPRAM (Code List) Storage Area

KIND - MISCELLANEOUS FIXED POINT INPUT INPUT:
NAME

I UNIT FOR INPUT BCD RADAR DATA TAPE IBCDt
Z UNIT FOR INPUT BINARY COMPACTED RADAR DATA TAPE IBINI
SUSED INTERNALLY
4 EPOCH DATE - YEAR YEAR
5 - M3NTH MNTH
6 - DAY DAY7 PRCDE -- OU'fPtT CONTROL PRCDE

PARAMETER
9 FLOCK FLAG

Figure 4-7. KIND (Miscellaneous Fixed Point Input) Storage Area

XTRA - MISCELLANEOUS FLOATING POINT IWPUT INPUT,
NAME

1 ZONE TIMEt GMT IS TIME ZONE ZERO TZNE
2 -EPOCH TIME 

r
- FRMMI D IGHT OF EPOCH DATE - HOUR HR

3 -MINUTES M14N
4 SECONDS SEC

IC PROXIMITY INDICA;OR FOR SITE 
I
- GEOCENTRI ',TITURk (DEG) ANOM

11 - GEOCENTRIC EAST LONGITUDE (DEG) (2)

12 - HEIGHT (FT) (3)
13 - 1 rM1TY 4N MI) 14)

14-17 PROXIMITY INDICATOR FOR SITE 2-LATP LONG, NT. Pn.OX ANOMZ
13 -2 PROXIMITY INDICATOR FOR SITE 3-LATv LONGP HTP PROX ANOW3

T-,28-50 (NOT USED)
Figure 4-8. XTRA (Miscellaneous Floating Point Input) Storage Area

___4-9
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USE OF TEMP FOR INTEGRATIODN (DAUX AND PERT)

(21-(4) X ____ _______________

(3+)-(3A) PSI(PK)

(185') DELTA-T____________________
I 186)-(168)J X-DCT
(189)-(191) PSI-DOT(P1)

(3<+ 186)-(34~+186) PSI-DOT(Pg) ___

(372)-(374) PSI-DOUBLE DOT(P1)

_(3K+369)-(3vK+371) PSI-DCUbLE DOT(PK)________________

(553) R

(f,54) R**3

(556) R**5
0~571 R GRAY CALLING SEQUENCE

(S~ 5 NI PHIJ dRA CALLING SUCr
(559) C:)S(PHI) GRAY CALLING SEOUENCE
(560) SIN(ALPHA(G)) GRAY CALLING SEQUENCE

)T~ GRAY CALL ING SCU-r
(562) SIN(ALPHAJ GRAY CALLING SEQUENCE
(563) COSCALPHA) GRAY CALLING SEQUENCE

-FT17-GRAY CALLING SEQUENCE_
1567-569) GLN GRAY CALLING SEQUENCE
1(570-578) -ROT MATRIX GRAY CALLING SEQUENCE

1:11 -U--PUiN~iAL GRAV CALLING SEOUENCZE
(580-588) A GRAY CALLING SEQUENCE

____(589-6CS) a GRAY CALLING SEQUENCE
(07--Z2r) cGRAV CALLING SEQUENCE

(629-6371 D C*RAV CALLING SEQUENCE
(638-657) E GRAY CALLING SEQUENCE
1658-617) 5INM rWRDA--EP30T9N)) GRAY CALL INO SEUUENFCE
(678-697) COS(M(LA)'BDA-LAMBDA(MN))) GRAY CALLING SEGUEN4CE
(698-706) DFOX~l) Y-MATRIX

1-707-715) oX(2) T-MATRIX
(716-724) OFOXO U-MATRIX
(725-727) OF/DX*(PSI(PK))

(731-910) DF/S

(917)
(918) H (ALTITUDE)

(99) A (VEL OF SOUND)
(920) m (MACH NUMBER)

(Y,21-9Z3) X-OOT(A)
19Z4) 01M() - .H/Z*Y(A)*DA/W

(925-927) FM3
(928) ABSF(X-DOT) - Y(A)

(935-v37) I'M) THRUST FORCE
(938-943) ASSF-(X(J)I'*3
(944-949) ABSF(X-X(Jl)
(950-955) ABSFIX-X(J))3
(956-961) ASS(X-X(J))*I5
(962-964) X-X(1)
1965-967) X-XIZ)
(968-970) X-X(3)
(971-973) X-x(43
(974-916) X-X(5)
(977-979) X-X(6)

Figure 4-9. TJEMP Storage Area (As Used for Integration)

C,
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USE OF TEMP FOR FILL (FITS)

(1-552) POSITION# VELOCITY, ACCELERATION
(553) Wl
(554) WZ
(555) W3
(556-735) OWIPI THRU DW3DP60
(736) WIDOT
(737) W2DOT
(738) W3DOT
(739-918) OWIDOTDPI TdRU DW3DOTDP60
(919) Ul

U2(920) U
U3

(922) R
1923) Vi
(924) V2
(925) V3
(926) V
(927-936) JTEMP (SET IN RADR)

Figure 4-10. TEMP Storage Area (As Used by Subroutine
FILL in Link FITB)

USES OF TUMP
INPUT

CELLS ROUTINES TYPE USAGE EUUIV NAME

(1) CSCP TEMP
(1-2) TSET TEMP WHEN COMPUTING ELEMENTS (XY2A)
(1-5) CHAININCN1, TEMP WHEN COMPUTING JULIAN DATE

YRAJ3.'TROUT
INCN

(51) PTRAJTRAJ3 PERM ASCENDING NODE AND SPEC PRINT PLAG ASCFL
---- 1---11N,PTRAJ PERM kEV NO (FIW'iPT) IREV
(M3) PTRAJ*TRAJ3 PERM NODAL CROSSING TIME ECTIM

(59-100) PERM FOR LATITUDE* LONGITUDE PRIN7 TA8LES
(59)- IhCN#LATPR NUMBER OF LATIIUDES (FIXED PT) NLAT LATPR

(60-69) INCH LATITUDES IN DEGREES ELAT (2-111
(70-79) INCNtLAIPR LATITUDES IN RADIANS FLAT

... - 8nZ-J -"TfCN LATPR Numb F-ONGITUDES (FIXED PT) NLAM LONPR
(81-90) IhCN LONGITUDES IN DEGREES ELAM (2-111
(91-10C) INCNPLATPR LONGITUDES IN RADIANS FLAN
"l"-1 :3T - PERM USFD THROUGHOUT DIE LM -

(1-100) RESIDUE PERM USED THROUGHOUT THE LINK
(1-100) PLAIN PERM USED THROUGHOUT THE LINK

Figure 4-if. TUMP Storage Area
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USES OF PUSH
INPUT

CELLS ROUTINES USAGE NAME

(1-5) EXPONENTIAL THRUST
(1) INITA.INCNo TI THRST

INCNltINPUT
(2) INITAtINCNt T2

INCNl
(3-4) INITAtINCls START AND STOP TIMES, IN SECONUSFROM

KTIMsTRAJF, MIDNIGHT OF EPOCH
TRAJ3*TRAJ4

(5) INITA*INCN19 THRUST INDICATOR# m 0 WHEN NO THRUSTING
PERT#TRA"JF = RESULTANT OTHERWISE
REINT

(6-19) (NOT USED)
(20) *CMPR#FILL RANGE REFRACTION CORRECTION RREFC

*FILLRORES
(21) TRAJFTRAJ3, FLAG SET IN TRAJF*TRAJ3 AND TESTED IN

ISE1*ITSET2 TSETiFSET2
(22-28) (NOT USED)
(29) INCNtINCNIt INTERNAL COUNT OF ORbIT ADJUSTS FROM XKICK

KTIMREINi,
TRAJFtIRAJ3

(30) INCNINCN1. INPUT NUMBER OF ORBIT ADJUSTS (KICKS) IN NXK
INPUT#I( X41CK - MUSI BE LESS THAN 51
TRAJ3

(31-130) INCN.INCN1, BLOCK WHERE ORBIT ADJUSTS ARE INPUT AS FOLLOWS XKICK
INPUTKTIM9 XKICK T TIME OF KICK(l) IN SEC FROM
REINT#TRAJFt MIDNIGHT OF EPOCH
TRAJ3 (2) = DELTA VEL{i) IN FT/SEC

(3) * TIME OF KICK(2) IN SEC FROM
MIDNIGHT OF EPOCH

(4) 2 DELTA VEL(2) IN FT/SEC

92*NXK-1)m TIME OF KICK(NXK)
(ZNXK) z DELTA VEL(NXK)

(131-200) TRAININPUT INITIAL CONDITIONS FCR MULTIPLE SATELLITES
(131-144) SATELLITE 2 SAT2
(l -Z ' SATELLITE 3 SATJ
1159-172) SATE",ITI 4 SAT4
1173-1863 SATELLITE 5 SAT3
(187-200) SATELLITE 6 SAT6

SATJ (J2,3,...6) INPUT IS AS FOLLOWS
ISATJ YEAR
IZ MONTH
1 3 DAY
4 HOUR
5 m 'MINUTES
6 2 SECONDS

SI T SICTYP

6-13 m INITIAL CONDITIONS
14 a DRAG

* PUSH50) REFERENCE MUST BE CHANGED TO RREFC

Figure 4-12. PUS- Storage Area
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4. 3.2 Use of TREG For Integratioy'i (Subroutine COW)

If n is the total number of initial condition and differential equation

parameters, then the quantities X, X. Xk, k. t. and R. will.be

located in storage area as specified in Table 4- 1.

Tabl e 4- 1. Locations of Quantities Used by S ubroutine COW

Quantity Location

X TREG(K) to TREG(K-2)

X p TREG(K-3i) to TREG(K-3i-2)

X TREG(K-NEQ) to TREG(K-NEQ-2)kkp R,(-E03)t RGKNO3-.
TREG(K-2NEQ-) to TREG(K-NEQ-32)

X. TREG(K-2NEQ-3i) to TREG(K-.2NEQ-3i-Z)

NEQ TREG(,K+3) (scaled at B35,, set by'COW)

T TREG(K+Z) (current time)

AT TREG(K+l) (current integration step size)

Notes:

1. NEQ =3 (n +1l) (n =total number of initial
condition and differential
equation parameters)

2. K dimension of TREG -3 (The dimension of TREG must
be 90(m + 1) + 3, where,
m = maximum number of initial

condition and differential equation

4-16
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4.3.3 Initial-Condition and Differential-Equation Parameter Code

List (ITRCD)

Table 4-Z specifies the coding whereby initial condition and differential

equation parameter (ITRCD) storage locations are identified.

Table 4-2. ITRCD Storage Locations

Locaetins Symbol' De s cription
SequentialLocationsr

1 IC Initial condition parameter type(from CPRAM)

2 n Total number of initial condition and
differential equation parameters

3 P1  Parameter -Code No. 1

4 P2  Parameter Code No. 2

5 P 3  Parameter Code No. 3

L n+Z P Parameter Code Io. n

Notes:

1. The P. correspond to locations in the CNDT list of parameters to be
corrected in the PKICK list in the case of an orbit-adjust parameter.

2. The maximum number of initial condition and differential equation
parameters is 60.

4-7
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SECTION 5

USAGE

Section 5 describes the input data, data-deck arrangement, tape require-

ments, sense-switching controls, and output associated with TRACE-D

program applications, and is intended to resolve most questions pertaining

to program usage. To facilitate reference to the following information,

input-data characteristics have been separately considered with respect to

each of the major program functions of trajectory generation, tracking,

Jdata generation, and residuals analysis (see Section f. 3 for explanation

of these functions).

5. 1 INPUT DATA

Input data intended for use in connection with TRACE-D program operation

fall into five categories of basic data that are common to the trajectory

generation,, tracking, data generation, and residuals analysis program func-

tions and into specialized data that are applicable to each of these four

functions individually. Section 5. 1 presents a detailed description of the

features characterizing each of these five principal input data categories.

The FINP, station-location and -identification data, observation data, aid

data generation specification load sheets are the fbt,.r types of load sheets

used for input by the TRACE-D program. Sample load sheets are included

in-the following discussions of applicable input data. Use of the FINP load

sheets is facilitated by consideration of the following information:

a. Although the load sheet iinposes an order on program
input, the actual order of the cards is almost immaterial.
The only restriction on card order is that cards without
symbolic locations must follow the last card carrying the
appropriate symbolic location. In the case-where the same
location symbol appears twice in succession, the last value
read constitues the effective input.

5-1



.t (_

b. A prefix appearing in Columns 1, 19, 37, and 55 (Fig. 5-i)
determines the mode of input. A blank indicates that the
following value is to be read as a floating poin.t number,
an I as a fixed point integer, a D as BCD (Hollerith) infoT-
mation, a B as an octal number, and M as a matrix avray.
The END cards are used because the prefix E terninates
the FINP reading function.

c. Any card for which no value appears may be omitted.
Blank fields are ignored except for the D prefix (BCD).

d. No plus signs or commas are permitted,

e. A decimal point should appear' -n each value unless it is
an integer, in which case there must be no decimal point.

5. 1. 1 Basic Data

The term basic data is defined as the data that are common to all the principal-

TRACE-D program functions. In addition to 4 list of the functions to be per-

formed, the required basic data also include the specification of the trajectory

(date, time, and :nitial conditions), the force model assumed, and the con-

stants and parameters to be used -in the trajectory integration. Although the

force model and the trajectory-integration constants and parameters are

"required" data, standard values are provided,, so that replacement of these

quantities thus is "optional" (see Appendix A for a list of the standard values),

Certain options common to all functions relating to identification information,

specification of the ballistic (drag) coefficient and the atmosphere model,

selection of other-body perturbations, low-level thrusting, and orbit adjusts

also are contained in the basic input.

Sections 5. 1, i. I and 5. 1. 1. 2 present a line-by-line explanation of the

TRACE-D basic data load sheet shown in Figure 5-1.

5.1.1.1 Required Input

Line 1: Functions to be Performed

Line 1 contains the ordered list of all functions to be performed by TRACE -D

during a given run. Selection of functions is governed in accordance with the -

5-2



TRACT1"D AEROSPACE CORPORATIONX-3 n INPUT DATA Basic !;%put (OMPUITATICN & DATA PROCESING CENTER

PROOGRAMMEN XEYPU)NCHED _________ DATE FADE___ -P OF

k Input Description

~-~-~-- L H?,i1 Headinig. which will appear on output
SY-O .c AV p I Itinerary

IDITIN 1,2: TrackingiII~II~ih~iwII Trajectory
...1 LXEAR 4 Data Generation

.....~ L%4NH _________ 7* Residual* Analysis
4 DA;" YEAR/MNTH-/ DAYIHRIMINISECI TZNE

- ________ Epoch date anctitirne
HR ICT______ L'YP Type of initial conditions

x: a 6 .,r. 
~~J A.j~*~ , , , T

0 aeas CPRAM. , id~ntnt
9: Saa 1, but ma~~eunits

0:~ Self-initialize

-n~r I RAG(2) dAtfosre odtion

4 DRAGM dz___ for L-J miodel*
16 DRG6 Density slope for L-J mnodel,low-alt.*

21 ___ __________ DRAG(7) Density slope for i.- ndel,high-ait.*
.~ i - MATX T -matrix options*T~dA1XCTAPE Other body perturbations.3 1 CT~-~ PRCDE Print options

LT..d I 1 Ephemeris 7: Suppress station. print
J14RST__ 2: Residuals 9: Specltl prints

4 5: Variational 12: Print at wicending
19 eK~K.6: equations nodes onlyPKIC 6: Elements (Boxes 8 &Q I not vseOZ _______ ITHRST T, (amplitude) (ftlse "1

31 -3 THRST (2) T 2 (time constant) hum '1)
THRST (3 Start timel(i~c f£rcriiT.1&iht

- ~- HRST(4) Stop time Iof epoch dat-YI-3 LXI -KIC K Time (sec from midrd~TgrOte.poc.h date)
-~Q -- PKICK(2 AV (ft/sec)

3, _______ -PKICK(3) ey (deg)
S - .KICK(4 0 (deg)

38 _____ C imAV ieA'

40 M ,.uo,'Ac IQm ::*nu vle ncueIn tna.Aoi-asdc

4 Figure 5-1. TRACE- D Basic Input Data Load Sheet
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Code Numbers 1, 2, 3, 4, or 7, corresponding respectively to tracking

data input, tracking computations, trajectory only, data generation, and
residuals analysis.

Up to twelve functions may be selected. When this sequence is exhausted,

TRACE-D will reset certain standard options, prepare to run another

sequence of functions, read basic data, or stop if none is present. The

foregoing example would be for a tracking case (Functions i and 2) followed

by a data generation case (Function 4).

Lines 2 through 8: Epoch

2 L YEAR 1963
3 1IMNTH 6I IIMNTH 6
4 I DAY 15

-?
5 [] TZNE 0

6 __ HR 127 Mn 4 C
8 SEC 15.

In the usual case, wherein the year, month, and day are input with the year

positive, the X-axis is directed to the vernal equinox (see Section 3. 1. 1).

Alternatively, if the year is input negative, the X-axis would be directed to

the longitude of Greenwich. The hour, minute, and second entries refer to

midnight of zone time. GMT is Time Zone 0.

Lines 9 through 15: Initial Conditions

9LI ICTYP 2
10 [] IC 176.1

11_____ 31.23
S 12 6 3.1

i [ ~13m 0' 14i4-
- 14 ] 15' 72oi1

15 _ 6 25117.3

5
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Line 9 indicates which of the ten IC types (1, 2, .... 9, 0) are entered in

Lines 10 through 15. The alternative ICTYP entries are characterized as

follows:

a. IC Type I Earth-centered inertial cartesian coordinates
(x, y, z, k, j, i in units of feet and feet per
second) (see Section 3. 1. 1. 1),

b. IC Type 2 Spherical coordinates (c, 6, P, A, r, v) in
units of degrees, feet, and feet per second
(see Section 3. 1. 1.2). In Line 14, negative
r is interpreted as height above the earth's
surface in feet. In Line 15, if v is negative,
circular velocity is computed and used.

c. IC Type 3 Orbital elements (a, e, i, 2, w, -) in units of
feet, degrees,, and minutes (see Section 3. 1. 1.3).

d. IC Type 4 Same as Item b. above, with longitude X replacing
right ascension a.

e. IC Type 5 No IC's input. The last trajectory point of the
immediately preceding case is used.

f. IC Type 6 No IC's input. The corrected initial conditions
C- from the last previous tracking run are used.

g. IC Type 8 Either Type i or 2 above, but in units of earth
radii, minutes, and radians. Type number is
entered at CPRAM (see Section 5. 1. 2. 2).

h. IC Type 9 Same as Type i above, but in units of earth
radii and earth radii perminute.

i. IC Type 0 No IC's input. For a tracking run, two R, A, E
sets are used from the data to calculate a set of
initial conditions (see Section 3. 6. 6).

T

5-
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5.1.1.2 Optional Inpu

Lines 16 through 22: DRAG and T Matrix

16 m DRAG .01

17 1
18 3'

4 
16___DR 

A G__014

20=6] . -8.621 m 17 -5.55

?.z T T 4
Line 16 contains the drag parameter CDA/W in square feet per pound and

Line 17 contains the atmosphere model specification (ARDC 59 or Lockheed/

Jacchia). The ARDC model will be used 3 when DRAG (2) is 0 and the

Lockheed/Jacchia model when DRAG (2) is i. If line 17 is a 1, Lines 18 and

19 contain quantities used in the Lockheed/Jacchia model.

Lines 18 and 19 contain d i and d., respectively. (See Appendix C.)' These

are values of certain constants in the Lockheed-Jacchia atmospheric density C
expressions.

An entry in Line 22, TMATX, will cause the T matrix to be used in the

variational equations in accordance with the following options:

a. TMATX = 0 T matrix is not used.

b. TMATX = I input 8p/ 8h is used with no earth flattening.

c. TMATX = 2 Input ap/Oh is used with earth flattening.

d. TMATX = 3 ap/Oh is calculated with no earth flattening.

e. TMATX = 4 Op/8h is calculated with earth flattening.

Also, with TMATX non-zero, Lines ZO and 21 should contain input values

for 8p/8h. Lines 20 and 21 contain aP/hfor altitudp bhtwetan 76.and 1-O8 , m;

and between 108 and 37 6 ,respectively, (see Appendix C). It should be noted

that input values for 8p/8h must be used with the ARDC 1959 model.

3The notation LLLLL(n) used in this section specifies storage location within an
array. The LLLLL portion of the symbol is associated with the first cell in the
array and the (n) indicates the nth cell (i. e., Location LLLLL + n - 1).
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If a variable CD term is desired, the drag table option may be utilized. In

this case the drag parameter may be considered to ccnsist of the product of

two terms, (cDA/W)x XC, wherein CDA/W is a constant which can be dif-

ferentially corrected by the use of the variational equation and C" may be
D

considered a function of Mach nuixiber below a certain altitude and as a

function of altitude at points above that altitude. Alternatively, C' may beD ab
considered a function of time. Ih either case,use of the drag table is

necessary.

When the drag table is not used, input of C DA/W into the DRAG location does

not change usual TRACE operation. In this case C' is automatically set
D

equal to 1. If the drag table is used, the following additional inputs are

required:

a. DRAG(l0) If DRAG(10) = 0, tables not used.
If DRAG(10) = 1, Mach and altitude tables used.
If DRAG(10) = 2, time table only used.

( b. DRAG(lI) Altitude above which altitude table is used and
below which Mach table is used (needed if
(DRAG(I0) = 1).

c. DRAG(1Z) = 0 Used by interpolation routine.

DRAG(13) Altitude table,-or time table if DRAG(10) = 2
through (35) (h' C(h ), h, C'(h hn C'(hn , 0

or tI , C' (t1 ), t, C(tz t , C' (t ), 0, 01.

d. DRAG(36) = 0 Used by interpolation routine.

DRAG(37) Mach table (stored as noted in Item c. above).
through (59)

Line 23: Other-Body Perturbations

If perturbations due to other bodies in the solar system are to be included in

the trajectory calculations, a planetary coordinate tape must be mounted and

the logical-tape unit number must be entered at CTAPE.
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Line Z4: Print Code

FIz4 iDIPRCDE11I121314151617181 1

The print-code entry consists of two BCD words accommodating six charb:ter
positions each. Entry of an X at any of these twelve positions will initiate

corresponding outputs in accordance with the following:

a. (1) Trajectory (trajectory only option)

b. (2) Residuals (tracking only option)

c. (3) Partials (tracking only option)

d. (4) ATA after each iteration (tracking only option)

e. (5) Variational equations (trajectory only option)

f. (6) Orbital elements (trajectory only option)

g. (7) Do not print station locations (tracking and data
generation)

h. (8) Not used

i. (9) Special trajectory prints4  C.
j. (10) Orbital elements at ascending nodes only (trajectory

only option)

k. (11) Not used

1. 12) Suppress all trajectory print except ascending nodes
(trajectory only option)5

Lines 25 through 28: Exponential Thrust

THRST_Z6 2
7 328m 4

If an exponential thrust is to be used, the quantities T1 in units of force/
-.. m 2 ...... .- -n_ -f a nd t't in seconds from midnightm ass = it/-sec T "2 in u is 'of Tn , and a 

4 Prints will occur at times of maximum and minimum altitude above the oblate

earth, at times when the flight-path angle equals 90 degrees and at special
latitudes and longitudes if values are entered (see Section 5. 1. 2. 2).

5If the option to write a binary trajectory tape (B7) has been selected, the writ-
ing of that tape is controlled by the PRTIM entries (see Section 5. 1. 2. 1).
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of epoch date must be input at THRST, THRST(Z), THRST(3), and THRST(4)

locations, respectively.

Lines 29 through 32: Instantaneous Orbit Adjusts

- 29 -  K IC K  89020"31
j30 * 2 200.

32 4 62.

Instantaneous orbit adjusts are input at PKICK. Line 29 contains t1 (time

of first orbit adjust, OA 1 ) in seconds from midnight of epoch, Line 30 con-

tains K (magnitude of velocity change of OAI) in feet per second, Line 31

contains e (yaw angle for OA 1 ) in degrees, and Line 32 contains 6 (pitch

angle for OAI) in degrees.

The TRACE-D program will accommodate up to six orbit adjusts. Additional

cards may b e added as necessary for OA, through OA 6 .

Lines 33 through 39: Extra Kiccs

3 I NXK 334 XKI!K 63456

35[ 2 .2

36 3 88721

37 4 lo.
5 101018
6 .02

Up to fifty fixed orbit adjusts (i.e., instantaneous changes of the in-trackI" velocity component) may be input at XKICK. It should be noted that these

orbit adjusts are not parameters for differential correction, but are applied

in the equations of motion only and are independent of the PKICK inputs. The

number of extra kicks (:5) is input at NX K, and the table of times and AV
values is input beginning at XKICK. The format is time, AV, time, AV,

etc., in units of seconds from midnight of epoch day and feet per second,

respectively.

5-9
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C.
Line 40: Equinox Precession Corrections

L,_Z 0 i 7 IALFGE.000OZ 1I
The rotational position of the earth with respect to the inertial system is,

characterized by the right ascersion of Greenwich at midnight on the day of

epoch (a ) and i's computed with respect to the mean equinox of epoch date.
g

An additional factor for correcting to true equinox of epoch date optionally

may be, input at DALFG in units of degrees.

'I

'-

C
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5.1,2 Trajectory Only

Since for purposes of this document the terms "trajectory" and "ephemeris"

are essentially equivalent, these designations will be used interchangeably,

with the selection in a particular context usually historically motivated.

A similar situation exists for the terms "tracking" and "orbit determination."

Detailed description of the TRACE-D trajectory input load sheet shown in

Figure 5-Z is presented in Sections 5. 1. . 1 and 5.1. Z. Z.

5.1.2.1 Required Input

Lines 1 through 7: Print Time Vector

1 1I PRTIM
Y 2 12 _

At 4 4
;°l

At 6 6
TZ 7 7

The above sequence of print times is for outputs selected by PRCDE entries

(Line 24, Fig. 5. i). As many as nine sets of print intervals may exist
th

(Line 2). In the case of the i set, output is from t.i- to't at intervals of

At., with all times in minutes from midnight of epoch date if PRTIM = 1 or1

from epoch if PL.TIM = 0. Additional cards may be inserted if 3 -< n -< 9. It

should be noted that a normal print at epoch is automatic.
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TRACE-D AEROSPACE CORPORATION
X-3 7090 INPUT DATA Trajectory Input 4 ) COMPTATION & DATA PROCESSl4O CENTER

PROGRAMMER _E__UCE_ -_ VERIFIED - DATE - PAGE 0_ O--
7

17 Input Description

," PRTIM Table of print intervals
SYMBOL LOC. VALUC 1XP. Li ne I If entry = 0, times given are from

I ... PRTM epoch. If entry = 1, times given
1 I2 _- are from midnite of epoch.

Line Number of different At intervals

4 A Line 3 Printing start time (epoch print
T S 5 is automatic)

M7 6 6 Line 4 Atj (trajectory information printed
T [- every Ati minutes until T I )Line 5 Tl (min)

Line 6 At a (trajectory information printed
--- a. ,2 M after TI every 4tZminutes'until T2 )

9 D [DPRAM Line 7 T? (mi)
...... 3 - 1 ICPRAM/ Integration of variational equations

I DPRAM/ corresponding to boxes with X
KPRAM entries.

z 7 iIDIFF Trajectory differencing indicator
1: Nnminal trajectory for differencing

D KPRAM 2: First of multiple differencing cases
I S, D 3: 2 nd through (n-l st) of multiple
16 _IDIFF differencing cases
17 I_ N_ - 4: First and #-ly differencing case

TP5: Last (nth) of multiple differencing18 J DTAPE cases
19 REV NTAPE Nominal trajectory tape

20 1 TTAPE (logical unit = (l ) entered)
n 21 1 TATPR DTkPE Difforenct tape (lolical unit(14) enters'd),

-REV Initial revolition number
- TTAPE Standa-d-forniat trajectory tape (7).

......4._.___ 1: First of multiple cases
n 25 I L0 NP R  2: Z 2 through (n-let) of multiple cases

261 3: Only case
Z7 1 '4: Last (nth) of multiple cases
28 LATPR/ 'Latitudes and longitudes where
28 LIDNPR special prints should occur.- (<10 entries each). Number of

____________ -special latitudes entered at LATPR,
followed by the latitude values.
Number of special longitudes entered

I at L@NPR, followed by the longitude
v'alues.

"9Act fOp*1 3717-6

Figure 5-2. TRACE-D Trajectory Input Load Sheet
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5.1.Z.Z Optional Input

Lines 8 through 15: Variational-Equation Partial Derivatives

I CERAM I - i
MDRAM i

11 D 5

1 DK12RAM
15 D 3

~An X entered in any CPPRAM, DPRAM, or KPRAM character position causes

the corresponding variational equation to be solved. Printout of the partial

derivatives will occur only if an-X is entered at Character Position 5 in the

PRCDE print code entry location. The ordering of entries in the CPRAM,

DPRAM, and KPRAM character position boxes is as follows:

a. CPRAM (Initial Condition Parameters) (Line 8)

The first position specifies which one of three types of
initial conditions is applicable, and succeeding positions
indicate the particular parameters that are desired in each
case. Ordering of CPRAM parameter entries for initial
condition (I)Types 1, 2, and 3 is shown in Figure 5-3.

(IC

(either) JIJx y z j &-jjI ( ll Ito
(or) ±KLL1 KLLLLLJ tI
(or 3 a i .Q I T I to | I

Figure 5-3. Ordering of CPRAM IC Parameter Entries

5-i3
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b. DPb AM and -KPRAM -(Difierential Equation., iiMeters) (Lines 9 through 15)

The ordering of DPRAM and KPRAM parameter entries
is shown in Figure 5-4, wherein T1 and Tz are the
exponential thrust parameters and ai, Ki, Oyl, and Op.
are the OA number (1, 2, . . 6), AV magnitude, yaw
angle,. and pitch angle, respectively.

Sixty differential equation parameters is the maximum
number which may be selected for any one run.

DPRAM ag 1 JZ "3 4 1 5U6 j 7 ]j8 J9 1o zl

22 J31 F3, 33 J41 J4z J43 -44 J51 5, J53 '54

55 J61 J62 J63 'J64 J65 J66 kZl zz X31 X 32 ) 3 3

7 X41 1)4 7 1)43 "44 51 '52 )53 X 54 A55 61 .62 X63

9 X64 7"6.5 "661 OaTI, T

KPRAM 'a1  K1  yI 
0  a2  K Z z B a 3  KB3 , 0j p YZ PY3 P3

3 K B Ba 5  B e B
y4  p4 5 y 5  5  y 6

Figure 5-4. Ordering of DPRAM and KPRAM Differential
Equation Parameter Entries

Lines 16 through 18: Trajectory Comparison Options

, .i7 BT I Arf,'A VW . °

[ 1, 9T DTrAP 14
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Tape units and case indicators required for the trajectory differencing function

are as follows:

a. IDIFF = 0 A regular trajectory run is indicated.

b. IDIFF 1 The reference trajectory will be written
on the logical tape specified by NTAPE.
If no entry is input at NTAPE, Logical
Tape 15 will be used.

c. IDIFF Z The differences between the present and
-reference cases are computed and written
on the logical tape specified by DTAPE. If
no entry is input at DTAPE, Logical Tape 14
will be used. The difference tape specified
by DTAPE is rewound at the beginning of
the case.

d. IDIFF = 3 Conditions are the same as when IDIFF = 2
except that the tape specified by DTAPE is
not rewound.

e. IDIFF = 4 The tape specified by -DTAPE is rewound at
the beginning of the case and unloaded upon
completion.

f. IDIFF 5 The tape specified by DTAPE is unloaded upon
completion of the case.

The significance of the foregoing options is that if a single-comparison case is

to be processed, DIFF = 1 is used for the reference case and IDIFF = 4 for the

perturbed case. If a series of perturbed cases are to be processed, IDIFF = 1

is used for the reference case, IDIFF = 2 for the first perturbed case,

IDIFF = 3 for all intermediate cases, and IDIFF = 5 for the last perturbed case.

Note that the tapes generated by this option cannot be used in the residuals

analysis function.

Line 19: Revolution Number

T

If an initial value other than zero is desired for the revolution number, it may

be input at the REV location. This value must be reinitialized for each

individual case.

5-15
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LL

/ L ine 20: Trajectory Tape Generation

If TTAPE is non-zero, a binary trajectory tape will be generated on Logical

Tape 'l 5 (physical tape B7) in accordance with the following input options:

a. TTAPE = 0 Tape will not be generated.

b. TTAPE = 1 Tape will be rewound before generating but
- not unloaded after completion. This entry

should be used for the first case when more
than one case is involved.

c. TTAPE =2 Tape will not be rewound before generating
and not unloaded after completion. This
entry should be used for all intermediate
cases.

d. TTAPE 3 Tape will be rewound before generating and
unloadea atter completion. This entry
should be used when only one case is involved.

e. TTAPE =4 Tape will not be rewound before generating
but will be unloaded alter completion. This
entry should be used- for the last case.

The format of this tape is appropriate for use by the residuals analysis

function for differencing trajectories (see Appndix E). However. this tape

is not suitable for the trajectory-comparison option of the trajectory-cmly

function.

Line 321 through Z8: Latitude and/or Longitude Prints

': ZZ I0.

23 3 15._
24 4 20.

- 20

S728, 1 3 1,00.

5-16
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Line 2 1 contains n1 (n1 -5 10), or the number of special latitudes at which

trajectory prints are requested, and Lines 22 through 24 contain the special

latitudes. Additional cards may be added if 4 -< n1 5 10.

Line 25 contains n2 (n 2 - 10), or the number of special longitudes at which
trajectory prints are requested, and Lines 26 through 28 contain the special
longitudes. Additional cards may be added if 4 -< n z <1 0.

Note that an X must be ente . d in Character Position 9 of the PRCDE entry if

either of the foregoing options are seleted.

'C

I

L 51

I
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5.1.3 Trackin&

Detailed description of the TRACE-D tracking input load sheet shown in

Figure 5-5 is presented in Sections 5.1.3.1 and 5.1.3.2.

5.1.3.1 Required Input

A tracking run for the purpose of obtaining residuals only with respect to a

known orbit would require only the basic data plus station and observation

cards. A more typical tracking run, which would involve differential cor-
rection of some number of parameters, would require inputs for parameter
specification, bounds, sigmas, maximum number of iterations, station cards,

and observations as noted in this Section.

5.1.3.2 Optional Input

Lines 1 through 14: Initial Conditions for Satellite 2
- i

I~a NT R AT 2 lq4

onth2 1 2 2 C
S 1I 3 10

ou 41 4 3.
M~nut5..m. 30.

S-0

Second 6m 6 52.
[CTYP 7m1 7 2
Ec 8m 8 352.

10 10 90.05
S 11 [  11 165.
5 12NIZ , 22580632.

13 113 25205.3
RAG 14 114 .015

If observations for a second satellite are to be input, Lines 1 through 14 are
used for entry of epoch, initial conditions, and drag coefficient for Satellite 2.

- Lines 1 through 3 contain the year, month, and day, and Lines 4 through 6 con-
tain the hour, minute, and second, Greenwich time. Line 7 indicates the type

of initial conditions that may be entered in Lines 8 through 13 (Type 1, 2, 3,
4, 8, or 9)' Line 14 contains the drag coefficient (CDA/W).
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we TRACE-D (1~AEROSPACE CORPORATIONX-3 7090 INPUT DATA Tracking Input (1) COMPUTATION & DATA PROCESSING CENTER

PROGRAMMER ________ KEYPUNCHED-____VERtIFIED... DATE-....... CFr

~ a7 SAT Input Description

$YM~ ~SATZ_ Epoch, initial conditions, and drag
1Loc. VALUE tXP for Satellite 2.

Year I 1 SATZ -CPP-AM Initial -condition parameters for
4 ~j~~j 2- - -Satellite 1.

Da 3 1______ 3 1i x Iv IZ I ~I ~
~A i. 4 In~..... 1- If 6 A Ir IvI

-3 H ___ ___ 3ae IT to 1- -

-CY~ 1______ - DPRAM Differential equation parameters

9 3 V maniud (K) 3 14N445

4-1 1 BND Dtenta corec5o MoUM

-fi(entse int es se qu oefents,
an ar etesrs above

1' a tm shr.otto a,

'1 D_5-_ --_--_--___zhruta pliud

t9 D5-PS19
0 D-9 ---- ~- - - - - - ----



TRACE-D AEROSPACE CORPORATION
X-3 709D INPUT DATA Trackig Input (2) COMPUTATION L DATA PROCESSING CENTER

PROGRAMMER - KEYPtLDICHED VERIFIED - DATE PAGE OF
1 73

I,, Input Description
1L_ ;RAPAR Radar parameter arrayLoc__. VALUE txp

_A o:L 99 0. P Illz131415161718o1910 I
i 04,F

P Radar parameter number42 nLL Q1 - n] 71 (1: LP :599)
43 0301_ Line 1 Boxes 1-2: Station ID

44 .04,01 Boxes 3-4: Pass ID
Boxes 5-10: Parameter Designation

Line 2 Bound
_~LL LLJ _ Line 3 Estimate

46 SIGMA Observation sigmas (weighting factors)
47__4-02_ ISIG Table of codes defining use of SIGMA

table entries. For each SIGMA entry
quantity (1001+ K), where I = sigma

42 03, 0index (Column 5 of statton card) and
X = data type, enterers -- correspond-
ing location of ISIG table.04 MAXIT Maximum number of iterations

51 -SIGMA I_ _____ CEDIT Residuals editing (standard entry 3)
- REFR Table of refraction indices3(standard value built in at REFR)RREFC Range refraction correction

(0=No, 13=Yes)
55 SLT Velocity for propagation-time
. 6 'correction (E.R.Imin)

_____ IBCDI BCD data-tape input (0 = No, 6 = Yes)I SBINI Compacted data tape input
(0 - No, I = Yes)

5 DALFG Table of additive corrections to
4 "initial right ascension of Greenwich

15 -one entry per vehicle) (deg)

63 1

.... L""D "______ -_____
72 1 I$IINI _______________

'Figure 5-5. TRACE- D Tracking Input Load Sheet (Continued)
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I It ACF-D ( AEROSPACE CORPORATION
X-3 7090 INPUT DATA 'I rac,,.ng Input (3) 'COMPUTATION & DATA PROCESSING CENTER

PROGRAWItAR .KEYPUNCHED VERIFIFD - DATE - PAGE ._ .o

Input Description

Co -- VALUO ANM I Proximity testing
e Line 75 Latitude

-3 6-Line 76 Longitude
7) , _Line 77 Altitude

h 77 13 Line 78 Testing distanceR 4 NUMB(35)Number of permanent stations
7q NI (if temporary tatins are present)

KNST Number of unconstrained parameters
3___ '(it constraint matrix is used)

BLIST Constraintmatrix (general formati ijb j

8Z I BLIST ____

. --
86 1j

( -1
I :

8 1

19

94 1 - __ _

5-5,

97 1

100 1

Figu~re 5-5. TRAGE-D Tracking Input Load Sheet (Concluded)

5-21



The input initial conditions (IC) for Satellites 3 to 6 are the same as those noted

above except that the symbol SAT2 is replaced by SAT3, SAT4, SAT5, and

SAT6 as appropriate.

Lines 15 through 27: Initial-Condition and Differential
Equation Parameter Specfication Boxes

15 D CPRAM xx
16 P'DPRA~x

17 3 ,
18 D

19 7

_ 1 D PSAT,

22 D PSAT3
23 D PSAT4
24 D PSAT5
25 D PSAT6

27- D3 KPA -

D C
An X entered in any CPRAM, DPRAM, PSAT, or KPRAM character, position

causes the corresponding parame-6r to be differentially corrected. The

ordering of entries inthe OPRAM, DPRAM, PSAT, and KPRAM character

position boxes is as follows:

a. CPRAM (Initial Condition Parameters for Satellite 1)
(Line 15)

The first position specifies Which one of these types of
initial conditions is applicable, and succeeding positions
indicate the particular parameters that are desired in each
case. Ordering of parameter entries fu, IC rypes 1, 2,
and 3 is a,. previously shown in Figure 5-.

b. DPRAM (Differential Equation Parameters)
(Lines 16 through 20)

The ordering of DPRAM differential eauation parameter
entries is au, previo -£.y shown in Figure 5-4. However, inthis applicain the Ti and T? parameters are associated
with Satellite I only."

C Kz
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c. PSATZ through PRAT6 (Initial Condition and Drag
Coefficient Paramieters for Satellites Z - 6)
(Lines 21 through Z5)

The ordering of PSAT IC and drag parameter entries for
Satellites 2 through 6 is shown in Figure 5-6.

PSAT2 az 6Z P A r3  v2  toz  Drag2

PSAT3 a'3 63 P3 A3 r3 v3  to3  Drag3

PSAT4 '(14 64 P34 A4 r 4 v4  to Drag4

PSAT5 a5 65 P5 A 5 r 5 v 5 to Drag5

PSAT6 6 66 P6 A 6 r 6 v6 t 0  Drag6

Figure 5-6, Ordering of PSAT Initial Condition/
Drag Parameter Entries

It is important to note that wly IC Type 2 may be specified
for Satellites 2 through 6.

d. KPRAM (Orbit Adjust Parameters for Satellite 1)
(Lines 26 and 27)

Ordering of KPRAM orbit adjust parameters is- as
Previously shown in Figure 5-4. It should be noted that
the orbit adjusts are for Satellite 1 only.
Sixty trajectory parameters is the maximum number
which may be selectdd for simultaneous solution.

9-2
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'Lines 28 through 40: Bounds

Z8 BNDS .5
29 2 .5

;,32 5 1 000.
33 6 534 7 .05

35 8

36
37 _ 10
38 11 -

- II39 12z
40 _ 13

A botnd must be entered for each parameter selected. These bound entries

must be in the same sequence as the parameters. For each iteration of the

differential correction process, the change in each parameter is less in

absolute value than the corresponding bound if that bound is positive, zero if C
the corresponding bouaid is zero, or unrestricted if the corresponding bound

is negative.

Lines 41 through 50: Radar Parameter Specification

41 MRAPAR 05,99

4~~.Z. D .01BN [QI!L
43 03.,01 i
44 04.01

46 _ 03,02 500.
-A7 M I Q 02 70

49 03, 03 001

, "50. 0l4.0o3 .0035
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Line 41 indicates that the data listed subsequent to RAPAR on the load sheetI: will be input into a 5 X 99 matrix array which has been preset to zero. The

columns of this array correspond to parameters, and the rows correspond to
parameter identification (Positions 1 and 2), bounds (Position 3), and bias

estimates (Position 4) respectively. Row 5 is currently not used.

Lines 42 through 44 specify the first applicable radar parameter. Line 42

contains the station name (i-.,sitions 1 and Z), pass ideptiiication (Positions 3

and 4), and parameter name (Positions 5 through 10). Lines 43 and 44 con-
tain the bound and initial value, respectively, in feet, degrees, and

minutes except for R, P, and Q, which are in feet per second. If the param-

eter is ,station latitude, longitude, or altitude, the initial value is taken from

the station location eard.

If the Oas& identification character position is left blank, all data with the

indicated station name will be used to correct the parameter. If the pass

identification is not omitted, only data that are identified by both the indicated

station name and indicated pass identification will be used to correct the
parameter. If the radar parameter specified is station latitude, longitude,

or altitude, the pass identification is ignored and all data with the statVn

name are used for the parameter correction.

Lines 45 through 47 and Lines 48 through 50 specify the second and third radar

parameters respectively. Station names, pass identifications, parameter

names, bounds, and initial values are treated in the same manner as the

inputs in Lines 42 throughi 44 described above. Additiona1 cards may be

added in cases where moi:e than three radar parameters are involved.
Available radar, parameters are listed in Table 5-1.

LNote that the total numbet of parameters which may. be selected for !imulT-

taneous solution iypust be ess than one hundred.
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Table 5-1. Available Radar Parameters

Parameter Symbol

Station latitude LAT

Station longitude LONG
Station altitude ALT
Time bias TBIASI Range bias RBIAS
Azimuth bias ABIAS
Elevation bias EBIAS
Topocentric right ascension bias RTBIAS
Topocentric declination bias DTBIAS
Topocentric hour angle bias HABIAS
Geocentric right ascension bias RGBIAS
Geocentric declination bias DGBIAS
Argument of latitude (u) bias UBIAS
Cross plane (v) bias VBIAS
Height bias HBIAS

bias XBIAS
bias YBIAS

z bias ZBIASIP bias PBIAS
Q bias QBIAS
R-nge -rate bias RDBIAS C.
P'bias PDBIAS
Q bias QDBIAS
Range scale factor (Kp) KR
Range -rate scale factor (KD), KD

Lines 51 through 6Z: Obse'rvation Sigmas

51 SIGMA 1.00.

53, 3 ..• m 4 1000.-
55 5 200.L I CA.. Aoo.A.

57 1 i1ISIG i

1 3 _ _

60 IAo l 4 113

61 I 115

5-26



Lines 51 through 56 contain the observation d0,ta weighting factors. For each

SIGMA entry, a corresponding entry defining the" sigma set and data type

appears in ISIG Lines 57 through 62. The ISIG enteies are of the form

100I + K, where I is the observation set number and K is the data type.

Ilk Ten sets, corresponding to I = 0, 1, 2, . . . , 9, may be .entered. This

selected value of I is the same as the entry in Column 5 of the station location

card. The data type, K, must be one of those listed in Table S-2,

Table 5-Z. Data Types for ISIG Eitries

Data Type (K) Data Description Symbol

1 Range R
2 Azimuth A

3 Elevation :E

4 Topocentric right ascension MT

5 Topocentric declination 6T
f, 6 Topocentric hour angle 14A

7 Geocentric right ascension
g

8 Geocentric declination

10 Argument of latitude u

11 Cross plane v

12 Height :h
A A13 x x
A A

14 y y
A A

15 z z
17 Range difference PH i 18 Range difference ....

19 Range rate R

21 ' difference"
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Line 63: Maximum Number of Iterations

1 6 Ii IMAXIT.1 4_! _ . ... 1

If the differential correction process has not converged at the end of MAXIT

iterations, the process will be terminated.

Line 64 through 66: Residual Editing

64 0 CEDIT 3
65E Iz .9
66 E 3 1

If CEDIT is zero, no editing is done. If CEDIT is non-zero, residuals will

S be edited in accordance with the following:

a. CEDIT < 0 Residuals greater than (input
sigma X ICEDITI) will be discarded.

b. CEDIT > 0 Residuals greater than (statistical
sigma from the previous iteration X CEDIT)
will be -liscarded. No editing is done on C.
Iteration 1. Sigmas are computed for the
first five data types encountered for each
station.

Line 65 represents a. sctle factor such that if CEDIT (2) is non-zero, CEDIT

is replaced by (CEDIT X CEDIT (2)) at tne end of each iteration. If CEDIT (2)

is zero, CEDIT is not modified.

Line 66 is a special option wherein if CEDIT (3) is non-zero, Iteration 1 will

be repeated with editing pertormed with the sigmas computed during thl

first pass through Iteration 1. This will allow editing to 'be done on all

itprations with computed sigmas.

L,, " Sigmas (rms) for the first five data types for each station are computed and
I printed at the end of each iteration regardless of the residuals -editing option

selected.
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Lines 67 and 68: Elevation-Angle Refraction Index Table

67E IREFRI I
L 68 . iz 4.0 -6

A table of refraction indices Ii, which may contain up to ten values, may be

input starting at REFR. The entry used to compute refraction corrections for

radar elevation observations is determined by the type number contained in

Column 6 of the corresponding station location card. A zero in Column 6[ , causes the entry at REFR to be used, a 1 in Column 6 causes the entry at

REFR + 1 to be used, etc.

-6If the table contains no entries, the value 312. 0 X 10 , which is built in at

location REFR, will be used to compute refraction corrections for all data

whose station location cards contain zero in Column 6. All other positions of

the table arc assembled as zeros.

Line 69: Range Refraction Correction

; ! ~69 Lj .] mPC

zRefraction corrections to all range observations will be computed and applied

if RREFC is non-zero.

Line 70: Propagation Time Correction

r 70 [] ISLT 1 -2820. '763

The velocity to be used in calculating the observation time correction due to

propagation time is entered at SLT in units of earth radii per minute. In

' the absence of ,-n entry, no correction will be °applied. If an entry is present

the correction will be applied to time-i associated with R, A, E, R, h, P, Q,j' P and Q data only.
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Lines 71 and 72: Data-Tape Options

I 71IIIBCDIj6 I I
72 I IBINI 1

If the radar observation and station location information is to be input via a

BCD tape other than the A3 normal FORTRAN system input tape, the tape

number must be specified at IBCDI. If a binary tape containing compacted

radar data produced by a previous run is to be input, IBINI musL oe non-

zero and the tape must be mounted on Logical Unit B5.

Lines 73 and 74: True Equinox Correction

. 73 U DAFLG -. 004

An additive factor may be applied to the computed right ascension of Greenwich

at midnight -f epoch day by entering the appropriate value in units of degrees

at DALFG for Vehicle 1, at DAFLG(2) -for Vehicle 2, etc. This entry usually c
is used to correct from mean to true equinox reference coordinates.

Lines 75 through 78: Proximity Indicator

o 78 4

During an orbit determination run, an indicator may be obtained whenever the

trajectory passes within a given distance (range) of a point on the surface of

the earth by input of geodeti c latitude (deg), east longitude (deg), and altitude

(n mi) of the point at ANOMI and the succeeding two positions and of the test-

ing distance (the range from the point to the vehicle) at ANOMI(4). Testing

at ANOM1, ANOM2, and ANOM3.

Lines 79 and 80: Number of Perimanent Stations

1 79'M 1NUMB III
80 I 135 30 0
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I
NUMB(35) must be used whenever the temporary station option is exercised

(see Section 5.1.3.3. 2). If all stations are to be handled as temporary, a

negative entry at NUMB(35) is required. If some stations are to be permanent

(locations held in core while all data are processed), the number of permanent

stations must be entered at NUMB (35).

Line 81 and Subsequent: Constraint Matrix

81 I KNST 4
82 I B-LIST 1
83 I 1

bll 84 1
85 m

86.mi 2
b2 2 87 _ _ 1

88 i 3

b3 3 90 _1

91, 1 ___ 4
2 4

S44 93 1
i 94 mm

95 I 11

97 I 6
98~ 1 2

100 I 5' I I 5

101 I .5
cc] 102 6

103 L 1 _____

!1= 5om 15

If it is assumed that n parameters are to be solved for (pl, p?. " . , p) = p
the ordering of the p, corresponds to the order of the X's for the CPRAM,

DPRAM, and KPRAM and the RAPAR arrays. Further assuming that these

parameters are to be subjected' to m linear constraints, which, for example

for n 6 and m : 2 might be p1 + p 5 
= 6, P0 2P6 = 0, KNST would be equal

to (n - m) = 4, or the number of effective (unconstrained) parameters.
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NUMB(35) must be used whenever the temporary station option is exercised

(see Section 5.1.3. 3. 2). If all stations are to be handled as temporary, a

negative entry at NUMB(35) is required. If some stations are to be permanent

(locations held in core while all data are processed), the number of permanent

stations must be entered at NUMB (35).

Line 81 and Subsequent: Constraint Matrix

81 I KNST 4
82 I BLIST 1
83 i 1

bil 84 1
85 11

86. i 2
b2 2 87 1

88 1 3

89. 1 3
b3 3 90 1

91 1 492 I4
b44 93 1

94 m5

95 1 1

*97 1 _ 6
98 1 2

b6Z 99 .5
100 1 5

C51 102 6___

103 1.___ 7
104 EI 5 _______

1050 ______

If it is assumed that n parameters are to be solved for (pl ?' . p) = pj
the ordering of the o. corresponds to the order of the X's for the CPRAM.

DPRAM, and KPRAM and the RAPAR arrays. Further assuming that these

parameters are to be subjected to m linear constraints, which, for example

for n =6 and m =2 might be p1 + p5 = 6, P2 " 2 P6  0, KNST would be equal

to (n - m) 4, or the number of effective (unconstrained) parameters.
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observations ar,2 to be processed. This information will previously have

been accumulated on the station-card load sheet illustrated in Figure 5-7.

5.1.3.3. 1 Station Card Format

For stations associated exclusively with geocentric or with vehicle-centered

observations, only the information in Columns 1 through 6 of Figure 5-7

must be entered. Up to 100 stations may be entered at any one time (see

Section 5.1.3.3.2). The last station card must be followed by a card carry-

ing the designation TS in Columns 1 and 2. Specific information categories

contained in the station-card load sheet are:

a. Columns 1 and 2(ST): Station identification symbol. No
two stations may be identified by the same symbol or any
one station by the symbol TS.

b. Column 5: Sigma index identifying observation-sigma set
to be applied to data from corresponding station. The sets
of sigmas are input with the FINP data (see Lines 51
through 62, SIGMA/ISIG).

c: Column 6: Type of refractivity correction to be used for
elevation readings from this station. Refractivities are
numbered in their input order within the FINP Data (see
Line 67, REFR).

d. Columns 9 through 17: North latitude of station in degrees

e. Columns 19 through Z7: East longitude of station in degrees

f. Columns 29 through 36: Altitude of station in feet

g. Columns 38/39 and 41/42: If a station reports P, Q or P,
data, Columns 38739 and-41/4Z contain the two letter symbols
for the associated station(s) of the tracking configuration.
Each such associated station must be represented by a
separate station carel, but it is not necessary for Columns
38/39 and 41/42 tW be filled out on the latter.

5. 1. 3. 3. Z Temporary Station Qption

The 100 allowable station locations may be classified either as permanent

or as temporary stations, Permanent station locations are input in the

manner outlined in Section 5. 1. 3.3. 1 and are held in core at all times during

a fit. Temporary station locations are input with the dcLta to which they
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correspond, subject to the flocking restrictions subsequently described. The

number of permanent stations, which remains constant throughout the run,

is input at NUMB(35) in the FINP data. The number of temporary stations

may vary from flock to flock but the total number of permanent plus tempo-

rary stations must not exceed 100 for any flock. Radar parameters may be

determined for permanent stations only (see Section 5. 2. 2. 6 for the

particular deck setup required).

5.1.3.4 Observation Data Cards

Observations are inpur by means of observation cards punched with infor-

mation previously accumulated on the observation-data specification load
sheet illustrated in Figure 5-8. Symbols identifying information categories
noted on this load sheet form are:

a. Columns 1 and 2 (ST): Station identification symbol, which
must correspond to a station-location card.

b. Columns 3 and 4 (PS): Pass identification (optional)

c. Columns 6 through 23: MO, DAY, HKR, MIN, and SEC
entries indicate the date and time (GMT) of corresponding
observations

d. Column Z4: Observation-set number

e. Column 72: Card number indicating observations,
variances, or covariances

Contents of the various observation-load-sheet information fields are itemized

in Table 5-3, wherein input units are feet, degrees, and seconds.

The last observation card must be followed by a card carrying the symbol TR

in Columns I and 2. The TR card must be followed by an END card.

5. 1. 3.5 Flocking Option

For numbers of observations greater than 200, the data must be divided into

"flocks." Flocks may be of arbitrary size, but also must not include more

than 200 observations each. A control card with the letters TF in Columns 1

and 2 is usedd to signal the end of a flock, and any number of these may be

placed among the observation cards. However, the last flock must be

terminated by a TR card. The only restriction imposed is that the obser-
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vations must be in partial chronological order such that every data time of

a given flock is later than all times in all previous flocks.

The mechanics of this option involve use of TRAIN, which causes the

observations to be read, sorted, processed, and written on tape one flock

at a time. lf more than one flock is present, the differential correction

process first reads the tape and then computes residuals and the normal

matrix for one flock at a time.

5.1.3.6 Multiple Vehicle Option

If data from more than one vehicle are to be used, the Vehicle-i data are

set up in the manner outlined in Sections 5.1.3. 3 and 5. 1.3. 5, except that

the TR card must be replaced by a TT card. The data for Vehicle 2 are

then similarly arranged. If Vehicle Z is the last vehicle, corresponding

data are followed by a TR card: if it is not the iast vehicle, data are followed

by a TT card. Data for Vehicles 3 through 6, as applicable, are added in the

same manner. A TR card rather than a TT card must follow the data corre-

sponding to the last vehicle, and an END card must follow the TR card.

5.1.3.7 Correlated Observations

Obb,:rvations may be weighted by means of the covariance matrix as well as

by the usual normalization based on the a priori standard deviation. The

allowable covariance inputs are shown in Table 5-3,

The type of information content carried by each observation data card is

identified by the 0, 1, or 2 symbol contained in Column 72 of the observation,

variance, and covariance cards, respectively. (.olumns I through 24 of all

three cards must be identical, and all cards associated with the same obser-

vation time must be input in the same flock.

The only covariances accepted are between observations of the same type

number which occur at the same tlme. For example, in the case of an

x (Type 5) observation at time t, the only quantities with which it could be
1 A Acorrelated would be y at time t, z at time t, or both.
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5.1. 4 Data Generation

Detailed description of the TRACE-D data generation input load sheet

shown in Figure 5-9 is presented in Sections 5.1, 4. 1 and 5. 1.4.2.

5.1.4.1 Required Input

The only required input in addition to the basic data are the station location

data and the data tabulated on Data-Generation Specificatior. Load Sheets I

and II as outlined in Sections 5. 1. 4. 3 through 5.1.3.5.

5.1.4. 2 Optional Input

5.1.4.2.1 Group 1

Live 2: Output Options

z1 IIFLAG I
2 116 11

If IFLAG(6) = 0, all generated data are printedt. If IFLAC(6) = 1, rise,

maximum elevation, and set times only are printed and the Data-Generation

Specification Load Sheet II is not necessary except for listing of a card

carrying TR in Columns 1 and 2.

Line 3: Order of Output

3 1 114 1

If IFLAG(14) = 0, data are generated in time sequence until the available core

space (bucket) is full. This output is then separated and printed by station

in the same sequence as that of the input station cards. Further data are

then generated until the bucket again is full, and the sort/print cycle is

repeated. If IFLAG(14) 1, data are printed as they are generated (i. e. ,
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TRACE-D AEROSACE CORPORkTION

X-3 7090 INPUT DATA Data.Grmeration Input (1) ( ) COMPUTATION & DATA PROCESSING CENTER

PRO__A____R_ .KtYPUNCHED VERRIoFItD . DATE - PAGE _ OF

7 73

IS Input Description

SYUL " . "g L IFLAG(6) Output option
s_,__ v_____ r _ 0L Print at every at and at rise/get.... __- .,and maximum elevation times

z 1 6 I: Print at rise/set and maximum
elevation times only

I 114 L IFLAG(14)Sequence option
4 1 ETAPE 0: Bucket used, data sorted and
5 RER - output by station

__6 YAW __ __ 1: Data output In straight time
O 7 PITCH sequenceU ROLL ETAPE BCD data-tape generation

9 (0 - No, 6 = Yes)
AW._REPR Refraction index table (standard

I 811 value built in at REFR)
!_ ___ 1. 1 YAW/ Attitude specification
1_ 8__1 PITCH/ (0y, OpOr entered in degrees)
1 - ROLL
..- 14A 81- YAW(811) Maneuver table (start time, stop
15 816 time, yaw rate, pitch rate, roll

.-8~16..... rate entered in minutes from
1J , 817. epoch and degrees, Up to three
17 818 data sets may be input)

________819 IFLAG(16)Logical unit for trajectory (GAINA)
1 18_0tape (logical unit (10) entered)
20 18Zl

21 822
22 - 23 -

23 __ 824 1
24 825 A

25 IFLAG
26. 1 16 I

Figure 5-9. TRACE- D Data- Generation Input Load Sheet
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rRACE-T) AEROSPACE CORiORATI1O
X-3 7090 INPUT DATA l.t-(rr.itlr, Input (Z ) COMPUTATION X DATA PROCECESSNeo 11TUt

II01u~R_ _____A%_ O

Inpl Descrptio

__. .'L ./-"g e -! '* ' I'IISE Randory-n.ovie gv-ner"Ator option

41 1 - - - start raindom-_kumber generator)
- -. .RAPAR Rada r parameter array

- - (bl, o.ification)

!I i_ _.-F 1-, PARLL _7891o I ]

-1 -___ _ _ p Radar parameter nurmber
(i P - 99'jI

Linc I 3oxes :-Z Station identification43 D.01. wk Boxes 3-4: Nlo used

Boxes 5-10: Parameter designation

0 _ _ _ Line Z Value of bias to be applied to
generated data

SIGMA Table f standard deviations (These
47deviations multiplied by the random
--- 6 -2-- l---numbers which ha-'e standard devia-

____ -- tion - I and zero rnean. Resulting
_ _ _ _ _ _ noise added to the gencrated data.)

4 I--SI-M A- . . . ISIG Table of codes defining use of SIGMA
table entries. For each SIGMA entry

_ 1 4 3 qoantity (1001 + K), where I =-igma
index (Column 5 of station card) and14- K = data type, entered in correspond-

51 I .ISJ G _ ing location of ISIG table.

1 4 T

- - - - - - -

V-- i_ __

Figure 5-9. TRACE- D Data- Generation Input Load Sheet (Continued)
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TIACE-D AEROSPACE CORPORATION

X-3 790 INPUT DITA D.Ita-Gcnrdtion iput (04 COMPUTATION & DATA PROCE$SING CENTER

PROGkAMMFR . I 1PIHCNF . V(RFIIP _ DATE_
- 
-_ PACE - OF

____ ___Inp-it Descrieption

81 A 1___
';YW"t Lo. _VALV E_. ArAS [ATA]'1 for epoch ADBARV vector.

- Lower triangle of [ATA entered
-- ..__ . in rosy sequence, i.e.,

b4 Z 3

4 5 6
_-_- '----- -7 8 9 10

- 11 12 13 14 15
88__--___7_ - 16 17 18 19 20 21

9
90... 4 ... .. . .

91-

- t -______

. . . __ __

' -s . ...

94

Ii_-

6 16"

__ __2__._______-_

*0 i

Figure 5-9. TRACE-D Data-Generation Input Load Sheet (Concluded)
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Line 4: Observation Tape Generation

F 4, | 11 .TAPEI 6 I

If ETAPE is non-zero, a BCD radar observation tape will be generated on

the logical tape unit entered at ETAPE. The tape format Will be the same
as that of 'he tracking input data. including station locations and TF and

TR cards.

Line 5: Refractivity

5 REtR

The computed elevation, E, is altered to account for refraction, using either

E' = E+Qsi cot E

if E >-0.1 radian, or

sX 100 "NO
= E+ +-00 =000E" 6+1000E

if E < 0.1 radian andls i 0.

REFR contains the -9si term, kherein i = 0, 1, Z, .. 9. The appropriate

value of i is entered on the station card of Column 6. Nominally qs°

3. 12 X W0- . Rise, set, and maximum elevation values are determined from

the geometric E which represents the elevation before refraction correction

is applied. Additional cards may be inserted at this location if necessary.
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Lines 6 through 8: Vehicle Attitude Specification

o 6 YAW 1.
e0 7 -PITCH 90.

Or 8 R .LL 180.

Vehicle attitude may be specitied by inputting yaw, pitch, and roll angles in

degrees in the manner shown above. These entries normally are introduced

in conjunction with aspect angle computations.

Lines 9 through 24: Vehicle Attitude Manuevers

YAW
10 811 1.
11 812 120.
1 813 .01

13 • 814 .1
14 0__ _ _ _ _ _ _ _ _

6 817 121.-(17m 818 -.9

20 821 1420.
21 8 Z
22 a23 360.
2t 824 0
2.4 ltj 825 0

The time history of vhicl'e attitude maneuvers may-be specified by means

of a table entered Et YAW(8 11,. The format of this table, which is used in

connection with geeration of radar aspect angles and may consist of up to

tfree z ts of five 4ntries each, is itemized in Table 5-4.
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Table 5-4. YAW(811) Table Format

Ent ry Description

YAW(811) Start time in mninutes from epoch for first set of
angular rates

YAW(812) Stop time in minutes 1rom epoch for first set of
angular rates ,

YAW(813) Yaw rate in degrees per minute

YAW(814) Pitch rate in degrees per minute

YAW(815) Roll rate in ,degrees per minute

YAW(816) Start time in minutes from epoch for second set of
angular rates

YAW(817) Stop time in minutes from epoch for second set of
angular rates

-YAW(818) Yaw rate in degrees per minute

,etc. etc.

The yaw-, pitch-, and roll-angle values that make up these input sets of

angular rates are assumed to change at the rate given over the time interval

defined by the start and stop times. Nominal orientation is zero yaw, pitch,

and roll, which corresponds to the condition wheie the vehicle body axis is

normal to the geocentric radius vector, the nose of the vehicle is in the

in-track direction, aid the top of the vehicle is in the direction of the

extended radius vector.

Vehicle attitude at time of epoch and for the case where the entries in

Table 5-4 are all zero (i. e. , when nothing is input) is assumed to be the

attitude specified at YAW, PITCH, and ROLL. If gaps in the time entzies

of the table are present, the angles are held constant at the last computed

values.
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Lines 25 and 26: Trajectory Tape Unit

2 I 'IFLAr, I I
Z6 II 1116 " 101

The logical unit of a scratch tape to be used for the GAINA-generated tra-
jectory should be input at IFLAG(16). An END card should follow the fore-

going input.

5.1.4. 2. 2 Group 2

The data generation input deck contains two END cards. In the event the
following Group Z input is used, this deck must be placed between these two
END cards (see Section 5. Z. 3).

Line 41: Noise Generator

41 0B INOISE 1377 777 7 77 1771

If NOISE is non-zero (a positive octal number), normally distributed random
noise with standard deviation and mean value specified by input at RAPAR is
added to the generated data (see Section 5. 1. 4. 2. ?, Lines 42 through 46,

RAPAR). The entry at NOISE is used to s'tart the random-number generator.

Lines 42 through 46: Bias Specifications

n 4i ni U I E 175BI 7
44 04, 01 .057

I As nk n? n AJILJI P1III&I I '

45,46
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The RAPAR array (see Section 5. 1. 3. 2) is used on data generation runs

to indicate the stations for which biased data are to be generated and also as

a means of entering the value of the bias.

Lines 47 through 54: Standard Deviations

S 47 i SIGMA 200

,, 48 i g 1

49 i 3 .14 _4 50.

51 I ISIG 1
5Z I Z 2
53 1 3 3
54 112 4II

Standard deviations for the noise added to generated observations are

entered via the SIGMA table. The usage of the SIGMA, ISIG, and station-
card index numbers is the same as that previously dtscribed in connection

with tracking input instructions (see Sections 5.1.3.2 and 5.1.3.3.1) In

the example noted above, output R, A, and E data would contain noise with

sigmas of 200 feet, 0. 1 degree, and 0. 1 degree, and with means of zero feet,
0. 057 degree, and zero degrees respectively. Also, the input HU station card

would carry a zero as the sigma index in Column 5. The AL station card would

contain a 1 in Column 5, and the generated output data would contain noise

with a 50-foot sigma and a Z00-foot mean.

Lines 81 through 101: Orbit Covariance Matrix

ATAS 1I, -4
83 ____5 -7
86 _6 2.-_

90 10 4. -Z
95 t5 2000,

lot 1 Zl._ 1.
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If observation uncertainties are to be calculated, a covariance matrix for

the ADBARV elements at epoch must be input in lower triangular form at

ATAS. The order of the elements is Row 1/Column 1 at ATAS, Row 2/

Column 1 at ATAS(2), Row 2/Column 2 at ATAS(3), etc.

Line 102: Parameter Specification

I 102EDICPRAZlxlxlxlxlxx I

If observation uncertainties are to be computed, the ADBARV parameters

must be selected in accordance with the usage described in Section 5. 1. 3. 2.

However, only the ADBARV parameters may be indicated since their

associated covariance matrix (A TA) 1 is the only one which may be used in

computing the uncertainties.

5. 1. 4. 3 Station Cards

Data-generation station card format and usage is the same as that previously

outlined in connection with the tracking function (see Section 5. 1. 3.3. 1)

except that, in the case of a data generation run, the station cards follow the

second END card and are in turn followed by a TS card.

5. 1. 4.4 Data- generation Specification Load Sheet I Input

Specific information categories contained in Data-Generation Specification

Load Sheet I as shown in Figure 5-10- are:

a. Columns 1-2 (ST): Station identification symbol. Mtu.,st
correspond to symbol letters appearing on station cards
for that station.

b. Columns 9 through 16: Time interval in seconds at which
data for a given station are to be generated and testing
interval for rise/set only option.

c. Columns IS through 23: Minimum elevation at which vehcle
is visible.

d. Columns 25 through 30: Maximum elevation at which
velhicle is visibie. Zero value set to ?0 degree.
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e. Columns 32 through 40: Maximum range in nautical
miles to which vehicle is visible. Zero value causes
this test to be ignored.

f. Columns 51 through 58: Start time from midnight of start
date. Zero value implies epoch is start time (Columns
51-52, 54-55, and 57-58, days, hours, and minutes,
respectively.)

g. Columns 60 through 67: Stop time from midnight of start
date (Columns 60-61, 63-64, and 66-67, days, hours, and
minutes respectively).

The last card carrying Data-Generation Load Sheet 1 data must be followed

by a card identified by the letters TR in Columns 1 and 2.

5. i. 4.5 Data-Generation Specification Load Sheet II Input

Except for a TR card, Data-Generation Load Sheet II as shown in Figure

5-11 is not used for the rise/set only option. Specific information categories

contained in Load Sheet II are as -follows:

a. Columns 1-Z (ST): Station identification symbol. Must
correspond to symbol letters appearing on station cards
for that station.

b. Columns 7 through 33: An X entry in the appropriate
column will initiate output of quantities itemized in
Table 5-5.

0.
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Table 5-5. Output Quantities Corresponding to Columns 7 Through 33
of Data-Generation Snecification Load Sheet II

Column Output Quantity Unit

7 Range n mi
(ft on ETAPE)

8': Azimuth de g

Elevation deg

10":: Range rate ft/sec

11-14' P, Q, P, Q ft/sec, ft

15 Azimuth rate deg/rnin

16 Elevation rate de g/nmin

17 Range acceleration ft/sec2

18 Mutual visibility C
(Output will be a list of numbers of
stations visible at output time.
Stations numbered in order of input on
station cards. Number of stations, 8
maximum.)

19 Geodetic latitude of vehicle deg

20 Longitude of vehicle deg

21 Surface range from station to subvehicle n mi
point

22* Altitude of vehicle n mi
(ft on ETAPE)

23 Doppler rate

24 Look angle deg
(Angle, between a vehicle axis and the
station/vehicle line of sight. The

direction cosines of the vehicle axis
in the basic inertial system must be en-
tered in C(37), C(38), and C{39). These i

*These quantities are output on ETAPE.
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Table 5-5. Output Quantities Corresponding to Columns 7 Through 33
of Data-Generation Specification Load Sheet IT (Continued)

Column Output Quantity Unit

quantities may be input as constaLt. or mfe
user may provide a subroutine (FANG) to
compute the direction cosines at each out-
put point.)

25 Observation uncertainties Same units
(If inverse ATA matrix for initial as ibserva-
conditions is input at ATAS, the tions
ADBARV elements are selected as
parameters, and if an X is entered in
Column 25, the [ATA] "- is updated to
observation times and the standard
deviatiqns in the quantities R, A, E,
1R, A, E are derived and printed. The
uncertainties are only those due to the
uncertainty in the ephemeris which is
implied by the given [ ATA]- 1 for the
epoch conditions.)

26 Angle kappa (K) deg

(Angle between station line-of-sight and
geocentric radius vectors.)

27 Aspect angles deg
(Angle I (4) is defined as the angle between
the vehicle yaw axis and projection of
the station line- of- sight vector, in the
roll plane. Angle 2 (0) is defined as the
angle between the vehicle roll axis and
the line- of- sight vector to the station
(See Section 5. 1.4. 2.1 for descriptiron
of vehicle attitude- control options.)

Z8 Signal attenuation = -40 logl 0 R, where db
R is slant range in feet

A A A
29- X, y, z n mi

(Same rectangular earth-fixed ,(X through (ft on ETAPE)

as Type 5 observations7 for orbit determi-
nation. I

*These quantities are output on ETAPE

C
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Table 5-5. Output Quantities Corresponding to Columns 7 Through 33
of Data-Generation Specification Load Sheet II (Concluded)

Column Output Quantity Unit

30, Topocentric right ascension and declina- deg
tion

30 * Geocentric right ascension and declina- deg
sion

3Z Topocentric hour angle deg

33" Vehicle- centered argument of latitude deg
and cross-plan angle

-These quantities are output on ETAPE

C
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5.1.5 Residuals Analysis

Detailed description of the TRACE-D residuals analysif, input load sheet

shown in Figure 5-12 is presented in Sections 5. 1. 5.1 and 5. 1. 5.2.

5.1.5..1 Required Input

Line 1: Itinerary

1 D ITIN 127

Residuals analysis runs normally require an Itinerary-127 sequence, which

causes the TRACE-D program to carry out a 1-iteration fit sequence and then

to all the RESIDUE link. Since-rno differential correction is carried out, the

only required FINP entries are the basic input and IFLAG(26). The optional

tracking-run input items which apply to residuals analysis runs are listed in

Section 5. 1. 5. 2. For most runs, station cards and observation cards are

required, with formats identical to those previously described in connection

with tracking input instructions (see Sections 5. 1. 3. 3. 1 and 5. 1. 3.4).

Lines 2 ,,nd 3: Residuals Analysis Options

S2 IIFLAGI I
30126 1

IFLAG(26) selects the particular function to be performed by the RESIDUE

link. Options are as follows:

a. IFLAG(26) i TRACE-D will calculate observations corre-
sponding to the given ephemeris (FITA output
tape); compute the difference with the mea-
sured observatio8h,%(B5 tape); resolve the
residuals into radial, in-track, and cross-
track components; compute time residuals;
and accumulate a statistical summary by
station and data type.

b. IFLAG(26) Z TRACE-D will accomplish IFLAG(26) func-
tions noted in Item a. above and also will
compute the difference from the mean for
each of the resolved residual components.

( This option requires an entry to be input at
NUMB(38)" (see Section 5. 1. 5. 2).
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TRAG -1)AEROSPACE CORPORATIONX-3 7091 INPUT DATA Residuals,-Analysis InputA COMPUTATION & DATA PROCESSING C!NTER

PROGRAMMER KEYPUNCHED VEIFIED- DAYS - PAGE - O

SYMBOL 'iLOC. VALUE~ L TIN Itinerary (Iieay127 or 7 input)

I__ D ITIN I____ _ 1: Standard functions

2 ILA Z Standard functions plus computation
IFLA ____________ -of differences from the inean

S . - 9) Edit and punch option x data)
4 rZ.. (threshold magnitude of residual

_ _ _ _ vector entered in feet)

_________ NUMB (38) Scratch -tape unit designation (If

7 138 IFLAG(26) =, logical unit = (9)

8 1 43entered.)8 u - NUMB(43) Data-tape designation (If computed

-9 T .4_4_ observations are supplied by a
10 L145 second compacted data tape,

1. I-Tl logical unit = (16) entered)

12 1 Z. _ __ _ - NUMB((44)Ephemers input tape designation
(If ephemeris in standard

- - -eveni-minute format io Input,
- logical unit (15) entered.)

- Z-. - -NUMB(45)Ephemeris input-tape designation
(If a second ephemeris is to be
input for differencing, logical

-- 2 - ___ _-unit = (14) entered. )
-• IFLAG(22)

0: A and E residuals used for
• " - vector resolution

1: A and E residuals not used for
- - - . vector resolution

=* -

ACiOSPACE fO*M 117.e

Figure 5-12. TRACE-D Residuals Analysis Input Load Sheet
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It should be noted that residuals analysis processing is presently restricted

to Data Set I (R,A,E), Set 2 (aT6 'r), and Set 5 (,, Az

5.1.5.2 Optional Input

Lines 4 and 5: Edit and Punch Option

40 IC1 II
5 0 .129 1 1

A AAType-5 observations (x, y, z) may be edited with respect to a specified
A A A

ephemeris by entering a value at C(29). All sets of (x, y, z) which produce

a value of RT (the magnitude of the residual vector) less than the number

entered at C(29) will be output on the punch tape in observation-card format.

Lines 6 and 7: Intermediate Tape Unit Specification

6 0 INUMB _
07I 38 9(C

If residuals analysis Option 2 is selected, a logical tape unit for intermediate

input/output must be specified at NUMB(38).

Line 8: Observation Differences

8 0143 1 16,

If the logical number of a tape unit is entered at NUMB(43), RESIDUE will not

expect a FITA ephemeris tape and will not compute observations, but will

expect a second compacted data tape on the unit specified and will proceed

as outlined for IFLAG(26) options (see Section 5.1.5.1).

Line 9: Ephemei:J Input

gETi 44 I15'
The FITA output tape, which usually supplies the ephemeris input to RESIDUE,

may be replaced by a direct tape input from the logical unit specified at

NUMB(44). The format must be the even-minute option Gf the binary trajectory

tape format (see Appendix D).
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Line 10: Ephemeris Differences

10 I 145 14 _j

Two ephemeris tapes in the even-minute format (see Appendix D) may be
differenced ari-d the residuals may be processed in the same manner asA A A
x, y, z data residuals. The logical designations of the units holding the
two tapes are entered at NUMB (44) and NUMB(45). Ephemeris points are
handled as ,computed and measured observations, respectively.

Since it is not necessary to utilize the observation processing or fit links
for this particular option, a single Itinerary Number 7 may be used.

Lines 11 and 12: Range-Only Option

11 1 IFLAG I
12 1 2 1

If it is desired to use only range residuals for resolution into the orbit plane C(
(i. e. , A and E residuals are assumed to be zero), a non-zero entry should
be made at IFLAG(22).

Additional optional input items which may be applicable to residuals analysis
runs are the following:

a. Initial conditions for multiple satellites
b. Refraction corrections with respect to elevation and range
c. Propagation-time correction

d. Data-tape input optio'ns

e. Proximity testing option
f. Number of permanent stations

Instructions for use of optional input items are outlined in Section 5. i. 3., 2.
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5.2 DATA-DECK ARRANGEMENT

This section describes the sequence of input data and control cards for the

most frequent types of TRACE-D program runs. Notations relating to
specific data-deck setups are given as appropriate for cases where known

program restrictions may be troublesome and/or where tape input options
are available. Each data control card is punched with its applicable letter

symbol only (*DATA, END, TF, TS, TT, TR), starting in Column L

Cards preceding the *DATA card will be omitted in all but the first data-

deck setups described in this section, wherein it also will be w.asunled that.

the constants deck is included in the FINP data.

i5

iif
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7 ajectory Only

S. Z.I. SinglIe Case

Except for control card changes (tape setup, priority, etc., the portion

through the constants of the t.1rajectory catd deck shi6vin in Figure S.-13

normally -remaina unchanged~ from ru~n to0 run.- This remains true reg~rdless

V 'I 0f the itinerary sequence selected and is the 'bazis for the term "basic
running deck."

rAip OAr ff

CTRO A RUNNIM'V- DECK ~~

5-13, D6lc kA aigerhie4t for Sin&-e Trajectory Case

I~ote~ cbatal~ "'deck ~ixd sh tandarct TSTt and G (consb.a'O'
ont r"e s a-5- -l z orin-t relattng to oth-er locationsAer-

stamx~ vluesn~e e l~ted ts'~ Appendix A £QX listihig
Ofg ,dax4. corititva do -- cur-en~i ina Uspe).
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C

FIN DA

N-N

Figure 5-11. leck.&r-angement for Stacked Trajectory Gases

Nate I eecl R;P! ~-rnan unaltered, and any quantity whict:
is no vrrte 11 sdon the subsequent case. Excep-
tin r P-t"'vg n the PKICK, XK-IC.-r, THRST, and

PRTI tales IEM -ec t teselocations must be loaded for

1Pc te



5.2.2 Tracking

5.2.2. 1 Basic Arrangement

Figure 5-15 shows the tracking input deck arrangement in terms of its

major components. The detailed deck contents for various special tracking

0applications are described in Sections !. 2. 2. 2 through 5. Z. 2. 7.

0 0 Si

OSER VATIONS

ITS

A SrTrION CARD

'? ( FINP DA rA

!' Figure 5-15. Deck Arrangement for Tracking Input

Note- The observation deck may include variance and covariance
cards and/or temporary -station cards.

-T

f
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5.2.2.2 Flocked Observations

In the event that more than two hundred observations cards are present, the

cards must be separated into flocks, as indicated in Figure 5.16. In Fig-

ures 5-17 through 5-21 it may be assumed that observation decks should be

similarly flocked unless otherwise specified.

AO0SER 
VAIONS

TFF

IT I

, (~OBS .RV T, ONS 2

" "igure 5-16. Deck Arrangement for Flocked Observations

' Notes: 1. All observation times "n any flock must be earlier than all
F ; observation times in all succeeding flocks.

2. The last flock is followed by TR and END cards only (no TF card)

ito 5-63
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5.2.2.3 BCD Input Observation Tape

If a BCD input observation tape is used, the station and observation card,

decks are absent, as shown in Figure 5-17.

C"

Figure 5-17. Deck Arrangement for Tracking Input
with BCD Observation Tape

Notes: 1. The FINP data includes an entry at IBCDI.

2. The ETAPE prepared by GAIN is suitable for input as a" BCD
obse'" ation tape,

3. The BCD input tape contains the card images of the station- and

observation-card deck that would be used if those cards were input
directly (;ie Section 5. 2. 2. 2). The first image on the BCD tape

is of the first station card and the last image is of a TR card.

At

5-64

kr



F

5.2.2.4 Input Compacted Data Tape

If the tracking observations are input by means of a previously prepared

i\: compacted data tape, the tracking input deck will be structured as shown

in Figure 5-18.

JEN

I

Figure 5-18. Deck Arrangement for Tracking Input
,jvxth Compacted Data Tape

Notes: 1. The FINP data includes a non-zero entry at IBINI.

2. The input RAPAR matrix must be identical to the one entered
on the run *hich generated the binary data tape.

3.- The ataion-card deck must include all of the station carddn
the same sequence as those appearing on the run which genferated
the binary data tape. The 2- and 4-column Identifications also
must be the same.
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5.2.2.5 Multiple Vehicles

Observations for different vehicles are separated by TT cards, as shown in

Figure 5-19.

I

Figure 5-19. Deck Arrangement for Multiple-
Vehicle Observations

Notes: 1. The observation time sequence restriction for flocking applies
only within the data for each vehicle.

2. No TT card is required after the data for the last vehicle.

3. If either of the tape input options is used, all observations for
all vehicles must be on the tape.

4. If flocking is used, the TF card should be omitted after 'the last

flock for a vehicle (i. e., imrnediately before the TT card).

setting NUJMB(35) =.O0 before the final END card.
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5. 2. 2. 6 Temporary Stations --

Figures 5-13 through 5-19 are based on the SArloN CAR /S

assumption that all stations are of the per. MOCoKRAri rroNS -

manent type. In the event that the I

temporary-station option is used, the OO /

station cards for the temporary rsOcK-1 PAWAJ I
stations are included in the

flock containing the observa- " ITS
/ rtrION CARDS LJ

tions to which they corres- TMOA SiI#J

pond. ITF  hI

*I DATA

I Figure 5-20. Dec-k Arrangement for Temporary-Station Option

Notes: 1. The number of flocks is not restricted.

o 2. The number of temporary stations in any flock plus the nuwber

~of permanent stations may not exceed 00.

! "- 3. The FINP input includes the number of permanent stations

entered at NUMB(35).

4. A TS card must be present in every flock if the temporary-
stati'on option is selected.
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5.2. Z. 7 Temporary Stations with Input
Compacted Data Tape

If a previously prepared binary compacted data tape is used, the tracking

input deck will be structured as shown in Figure 5-21.

I E  °
ENDC

Tr fT r

conaiedonth binay omacted data tape

SrAO CARTA

gr . e rrae n or Te orry

Note..ig__e Tepr-saion D car A oraeen flork Tmor ay- rt r

contained on the binary compacted data tape.
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5.Z.3 Data Generation

5.Z.3.1 Single Case

TRSPECIF/CA T/ON Z!|

SP$EC 7ION CAS XL

: ITS

E N D  h

I DATA,

Figure 5-22. Deck Arrangement for Data Generation,
Single Case

Note: For a rise/set only run, Specification II cards require only the
station identification symbol.
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5.2.3.2 Stacked Cases (Itinerary 44) SPECIFICATIONif

,JTR T1
// SPECIPECATIIN IO' X

., .
/rSpEIFI A 

Sr rO CARDS

!,~F1V DA MrN AT

ITR

Figure 5-23. Deck Arrangement for Data Generation,
Stacked Cases

Notes: 1. The only input carried over fror, caso to case is part of the
FINP data (see Section 5.2.1.Z), Complete station and

2 igtnera isec Arainee t b loaded for each

case. The RAPAR "%-ray must be re.,input if used.

2. Since the TRACE-D1 program rewinds the tape specified by
ETAPE at the start of each case, 'use of this option with
Itinerary 44 is not recommended.
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5.2.4 Residuals Analysis

Deck configurations for residuals analysis runs in general are identical to

corresponding tracking-run configurations due to the fact that the TRACE-D

program processes the Itinerary 1Z7 sequence as if it were a i-iteration

tracking run followed by a transfer to the RESIDUE link. The single

exception to this rule is the setup for the Itinerary 7 ephemeris differencing

run., shown in Figure 5-Z4.

,/ FINP VA7"A

• )('DATA

Figure 5-24. Deck Arrangement for Residuals-Analysis
Ephemeris Tape Differencing

Note: On all residuals analysis runs, accumulated statistics (RMS, etc)

9
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5.2.5 Mixed ltinerary Runs

5.2.51 Itinerary 123

END

' 2 o '
T

' ,)!,DATA

~Figure 5-25. Deck Arrangement for Itinerary 123 Sequence

S Notes: I . The maximum amount of FINP data, should be input for the
trajectory portion of the Itinerary 123 run. Except for constants

! and the reauired basic in-out. it should be assump., that none of
f," - the FINP input to the tracking run is carried over.

, i-

l" Z. The ICTYP6 option may be used to obtain the ephemeris corre-
, sponding to the fit solution by loading the ICTYP6 entry with

- ' the trajectory input.

3. If PKICK parameters were determined in the fit, the solutionvalues
for the V willbe used for he trajectory portion of the run, but the
times in the PKIKtable mustbe reloadedwith the trajectory input.
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5. Z.5. 2 Itinerary 1243

END~-

r1APD

SrRAi/Or CARDS

I'TFIARO

Fiur 52. ec rrngmetfo Spiec!r 123 euec

TR

Note: ~ ~ ~ ~ ~ ~ ~ ~ ~~SECFC AO daa gnrtoIu Iieay4)sol o olwataetr

run (Iinerary 3)

SWI CRD
____ ____ ____ ____ ____ ____ ___ ___ENDI
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F eD kn3 Itinerary 41Z2 eEND,s~~~z.5.IN • , DArA /t

STTON C-AS

// STATION CARDS

SDI,46Nr4TION CARDS

fROF _I NPUT

1 OR ' "2 /I/

(PIAU-6NCRArIONo I .
vnOUJ'-lI ,.or;

Figure 5-27. Deck Arrangement for Itinerary 41Z Sequence

Notes- 1, The Itinerary-412 sequence normally is used with the ETAPE
option in order to generate and fit observation data.

2. it should be noted that the FUNP data for the tracking run is
loaded after the observations. This is necessary because the
CHAIN link is not called after the Itinerary 4 function. The
TkAIN link, which reads station cards and observations, is
called first, followed by the INITA link, which calls the
FINP routine.
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5. Z. 5.4 Itinerary 312

E ND
FINP DATA

.
( R4c xlvc INPUT ;

TR

0N

/OBSER VATrIONS

SWN CA RDS

END

END

FTA,£CYINPT"

! DATA

Figure 5-28. Deck Arrangement for Itinerary 312 Sequence

Note: 1. The Itinerary-3 12 sequence using the ICTYP5 feature may be
used to shift epoch for the fit.

C
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5.3 TAPE UNIT REQUIREMENTS

The information tabulated in Tables 5-6 through 5-9 delineates the tape unit

requirements that are applicable to the four principal types of TRACE-D

program runs. A summary of.tape unit requirements by logical unit is given

in Table 5-10. ..

These requirements are based on the assumption that a program tape mounted

on Tape Unit 8 is used. However, if the program is loaded by cards, Tape

Unit 8 is replaced by Tape Unit 11. The appropriate tape unit number may

be assigned by input at points where symoolic locations are given.

In Tables 5-6 through 5-10 the logical unit given is standard for TRACE-D

program operation at Aerospace Corporation. Also, it should be noted

that standard systenm tapes are omitted in Tables 5-6 through 5-9 but are

included in Table 5-10 for completeness.

Table 5-6. Tape Unit Requirements for Trajectory Runs (

Logical Unit Symbol Function

7 CTAPE Planetary-coordinate input

8* Program input

14 DTAPE Binary difference tape for
trajectory differencing

15 NTAPE Binary trajectory tape (nominal)
for trajectory differencing

15 Binary trajectory tape in
standard format

*Use of corresponding tape is mandatory.
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Table 5-7. Tape-Unit Requirements for Tracking Runs

Logical Unit Symbol Function

6 ETAPE BCD data output

7 C TAPE Planetary coordinate input

8* Program input

91, Scratch tape (A A)

10* Scratch tape (FITA trajectory)

13.- Binary compacted data (I/O)

Table 5-8. Tape-Unit Requirements for Data Generation Runs

Logical Unit Symbol Function

6 ETAPE BCD data output

7 CTAPE Planetary coordinate input

81, Program input

10 IFLAG(16) Scratch tape (GAINA trajectory)

Table 5-9. Tape-Unit Requirements for Residuals-Analysis Runs

Logical Unit Symbol Function

8*' Program input
SI0* Scratch tape (FITA trajectory)

13 NUMB(43) Compacted data input (differencing)L 14 NUMB(45) Trajectory input (differencing)

'Use of corresponding tape is mandatory.

5-77



Table 5-10. Summary of Tape-Unit Requirements by Logical Unit

Logical Unit Symbol Function

1 FORTRAN monitor system*

2 System input*

3 System print output'*

4 Not used

5 Not used

6 IBCDI BCD observation input J

6 ETAPE Data genera ion output

7 CTAPE Planetary coordinate input

8 Program input*

9 Scratch tape (tracking')
o NUM.B(38) Scratch tape (residuals analysis)

10 Scratch tape (tracking*, residuals
analysis, data generation)

11 System chain tape

12 System punch output*

13 Compacted data input/output
(tracking*)

14 DTAPE Differences (used with TTAPE)

14 NUMB(45) Trajectory input (residuals analysis
differ encing)

15 NTAPE Trajectory (non. .al) for trajectory
link differencing

15 Trajectory in standard format,
output from trajectory

15 NUMB(44) Trajectory in standard format,
input to residuals analysis
differencing

16 NUMB(43) Compacted data input, residuals
analysis differencing

*Use of correponding tape is mandatory
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5.4 IBM 7094 SENSE SWITCH CONTROLS

The sense switch controls on the IBM 7094 computer console may be used to

control TRACE-D program operation. Table 5-11 itemizes resulting 3ction

for Sense Switches i through 6 in the On position. The itinerary types with

which the use of each sense switch is permissible are noted in all cases.

Table 5-11. Action Resulting from IBM 7094 Sense Switch Use

Sense Switch Function
Number

1 Termination Options (DCS System only)
I

When subroutine EXIT is called, the message "SET 7094
CONSOLE KEYS, PRESS START TO CONTINUE" is
printed on-line and the computer halts. When START
is pressedthe program tests the console key positions
and accomplishes one of the following functions:

a. Terminates normally if the Q key is down.

b.. Empties the output buffers, rewinds and unlrads the
AZ list output tape, and calls Link 1 if Key No. I
is down.

c. Rewinds and unloads the A3 input tape and calls
Link 1 if Key No. 2 is down.

d. Rewinds and unloads punch tape and calls Link 1
if Key No. 3 is down.

Used for all itinerary functions.

2 Iteration Print

Results of each iteration, corrections, an RMS- summary,
etc., are printed on-line and the convergence test is
bypassed.

Used- for orbit determination only.

3 Forced Termination

The observation time ti'at is encountered during the FITA
integration process after Sense Switch 3 is turned on is
taken as the last one for the current iteration and the
least-squares process is initiated. If Sense Switch No. 2
also is down (On) the corrections are apnlied and integration
for the next iteration is initiated in the rncrmal manner if
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Table 5-11. Action Resulting from 7094 Sense Switch Use (Concluded)

Sense Switch Function
Number

3 MAXIT has not been exceeded. If Sense Switch No. 2
(continued) is not down, the run is terminated after the least-

squares process is completed.

In the case of a trajectory, or ephemeris generation
run, integration is terminated as soon as Sense Switch
No. 3 is turned on. If a data generation is in process,
the GAINA integration is terminated and the GAINB
link is called to compute and output the generated data.

Used for orbit determination, ephemeris generation,
and data generation.

4 Impact Indication

A mesiage is printed on-line whenever the input alti-
tude at C(35) is reached either from above or below.

Used for orbit determination and ephemeris generation.

5 Residuals Print

All residuals are printed on-line.

Used for orbit determination only.

6 Apsis Print

Position information is printed on-line and off-line
whenever the flight-path angle (P) passes througn
90 degrees.

j _Used for orbit determination and ephemeris generation.
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5.5 OUTPUT

This section describes the printed output produced by the TRACE-D pro-
gram for typical trajectory, orbit determination, data generation, and
residuals analysis runs. The samples of actual output listings which are
included are anrotat.rd to detail specific portions of the output data, and
also are cross-(referenced against applicable equations and definitions given
elsewhere in this document. In the case of items occurring within more than
one sample listing, citations are given for their first appearance only.

5.5.1 Output Common to All TRACE-D Runs

The initial pages of output generated from any TRACE-D run will present
material similar to that tabulated in the sample output listing shown in
Figure 5-29. Supplementary descriptive informaticn relating to indicated
areas of this listing is annotated in Table 5-12.
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Table 5-12. Common Output Listing Description

Page
Item Description Reference

1 FORTRAN II monitor message giving names of 4-i
subroutines called from library by REIN link.

2 Card images of the first seven FINP input cards. 3-63
These input data contain the standard entries for Appendix A
the i ntegration constants array. Appendix F

3 Card images for FINP Input Cards 8 through 22. 4-7
Standard values of physical constants and option Appendix A
indicators are shown. Appendix F

4 Card images for FINP input cards numbers 3-46/3-49
23 through 42. Numbers shown are entries for Appendix A
a gravity field model including non-zero co- Appendix F
efficients through Degree 9 for the zonal and
through Degree and Order 6 for the tesseral
and sectoral terms.

5 Card images for FINP Input Cards 43 through 5-1/5-17
50. These input data specify a single-case Appendix F

- trajectory run.

6. Program identification. AD014D is the Aerospace
Corporation Computation and Data Processing
Center program number for accounting purposes.
The word REFERENCE means that the program
which produced this output is associated with the
basic or reference version of TRACE-D, or the
version wherein no modifications are included.

'Output produced by a modified program version
wovld reflect the appropriate modification
numbers in lieu of the word REFERENCE. It
should be noted that all material contained in
the present document is directed toward
description of the reference program version.

7 Hl header card entry. Figure 5-i

8 If any header information had been-input on an Figure 5-1
HZ card, the entry would have been printed at
this location.
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Table 5-1Z. Common Output Listing Description (Continued).
Page

Item Description Reference

9 Epoch time 5-4

10 Program link identification. Each time a '4-1/4-5
different link of the program is called a remark
of this nature is printed.

11 Card image of the final (second) END card in the 4-1/4-5
input deck. This card is required because the 5-60
FINP routine is called in the INITA link as well Appendix F
as in the CHAIN link. Under certain conditions
additional FINP input data may be read at this
point.

12 Trajectory initial conditions in three coordinate 3-1/3-5
systems. Initial-condition values as shown are 3-9/3-iZ
the result of transformations which have been 5-4,5-5
applied to the input values. The transformation
for the input coordinate set (a, b, P, A, r, v in
this case) consists of conversion from decimal
to octal numbers, conversion of units from feet,
degrees, and seconds to earth radii, radians,
and minutes, and performance of corresponding
inverse conversions for output. The two other
types of elements sets also require accomplish-
ment of coordinate-system transformations in
addition to the number- and units-systems con-
versions noted above, Accuracy of the values
as printed therefore is subject to numerical
and roundoff errors.

Quantities in the left-hand column are position
and velocity components in the basic vernal
equinox coordinate system, with units of feet
and of feet per second. The center column
gives the usual ADBARV spherical system co-
ordinates (i.e., Type-2 initial conditions in
units of feet, feet per second, and degrees).
• %^ - U 4. U.-JC 1Ii%,"-- J--"

-_~ . LA. -AA.(L.L q.,'JLUA11ZL L". U±1± SUjJ LU0UJLCOIL

tains orbit semi-major axis, eccentricity,
inclination, right ascension of ascending node,
argument of perigee,, and time of last perigee
passage in minutes from midnight of epoch day,
Other units are feet and degrees.
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Table 5-12. Common Output Listing Description (Continued)

Page
Item Description Reference

13 Identification of atmosphere model to be used in 3-50, 3-51
computing drag force. LOCKHEED and ARDC i959 5-6
refer to the Lockheed-Jacchia and the ARDC 1959
model atmospheres, respectively.

14 Reciprocal of ballistic coefficient, CDA/W 3-50
5-6

15 Ballistic coefficient, W/G DA 3-50
5-6

16 d1 and d? are values of certain constants in the 5-6
Lockheed-Jacchia atmosphere density expressions. Appendix C

17 The product GM, or the universal gravitational 3-46, 3-47
constant times the mass of the earth (frequently Appendix A
designated by 1i), expressed in units of earth
radii cubed per minute squared.

18 Unitless coefficients of the zonal harmonic terms 3-47
in the earth potential field expansion (i.e., J2  Appendix A
through J10 ). Appendix F

19 Coefficients and longitudinal arguments of 3-47
tesseral and sectoral terms in earth potential Appendix A
field expansion, with J indicating a coefficient Appendix F
and L an argument in degrees.. The digits follow-
ing J or L are the associated Legendre polynominal
degree and order, respectively.

20 Names of solar-system bodies included in com- 3-49
putation of perturbative accelerations. 5-7

Appendix A

21 Trajectory mexyiod indicator. The Cowell 2-2
formulation of the equations of motion is the 3-46
only ,trajectory method available ,= the present
TRACE-D program.

22 Numerical integration parameters. The Gauss- 3-63
Jackson method (subroutine COW) is the only Appendix A
integration method available in the present Appendix F
TRACE-D -program.

C
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Table 5-12. Common Output Listing Description (Concluded)

Item Page
Item Description Reference

24 m. N.M./E.R. Number of nautical miles
(cont) per earth radius'

n n. I-0, VELOCITY Conversion factor for input/
output in feet per second/
earth radii per minute

o. I/SEC/I Units conversion factor in
E.R. /MIN. feet per second/earth radii

per minute

p. 1/EPS (1/c) Earth flattening (reciprocal
of earth ellipticity)

q. (MOON,) Mass of moon relative to
mass of earth

r. (MARS) Mass of Mars relative to
mass of earth

s. (SATURN) Mass of Saturn relative to
mass of earth (

141
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S
5. 5. Z Trajectory Output

The listed output created by a typ'ical trajectory run is shown in Figure 5-30.

Supplementary descriptive information relating to the indicated areas of this

listing is annotated in Table 5-13.

2V
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AAV Table 5-13. Trajectory Output Listing Description
Page

Item Description Reference

1 Date and time of day (Greenwich Mean Time) with 5-11
which the quantities in the print block following
are to be associated.

Z Minutes from epoch, minutes from midnight of 5-11
current day, system time (i. e., seconds from
midnight of current day), and current integra-
tion step size in minutes.

3 x, y, z, r: Components and magnitude of the 3-2
radius vector from geocenter to satellite in the
basic coordinate system in units of feet.

4 P Y, Z, v: Components and magnitude of the 3-2, 3-3
inertial velocity vector with respect to the
basic coordinate system in units of feet per
second.

10

5 Geodetic latitude, in degrees, of the point where 3-64
the radius vector intersects the ellipsoidal sur-
face of the earth, geographic longitude
measured east from Greenwich in degrees,
altitude of the satellite above the oblate earth
in nautical miles, and geodetic latitude6 of the-
subvehicle point in degrees. All latitude quan-
tities are considered positive north of the
equator and negative south of the equator.

6 a, 6, P, A: Right ascension of satellite 3-3
position, declination of satellite position, 3-9
flight path angle, and inertial azimuth of
velocity vector in units of degrees.

7 a, e, i, 9, w, -: The, classical elements as corn- 3-4
puted from X, X at the ascending node in units of 3-11
feet, degrees, aud minutes from midnight of epoch. 5-8

8 M, v, & , 6: Mean anomaly and true anomaly 3-4, 3-5
I& inde._reeas andnoda!rearesson rate and -ato 3-.4; 35

of advance of th. LLne of apsides in degrees per 5-8
day as computed from X, X at the ascending

r ~ -node us-ing closed-form e~p1esirxs.
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Table 5-13. Trajectory Output Listing Description (Concluded)

Page
Item Description Reference

9 Radial distance at apogee, height of apogee above 3-65, 3-66
the oblate earth, and radial distance and altitude 5-8
of perigee in nautical miles; Keplerian period,
anomalistic period, and nodal period in minutes
as computed from X, X at the ascending node using
closed-form expressions.

10 Revolution number, nodal period in minutes, 3-66
nodal period decay rate in minutes per revolution, 5-15
and nodal regression rate in degrees per revolu-
tion. Due to the fact that the nodal period is

I calculated by simple subtraction of ascending-node
I crossing times, this quantity cannot be deter-

mined until two ascending node crossings have
been detected. Also, since the nodal-period
decay rate is computed by differencing the
nodal-period values at successive ascending

- nodes, this *rate cannot be calculated until three
ascending nodes have been crossed. The nodal

I',v agression rate is computed by differencing +1 vlues of right ascension at successive ascending

-I
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5.5.3 Tracking Output

Listed output produced by a typical tracking (orbit determination) run is

shown in Figure 5-31. Supplementary descriptive information relating to

the indicated areas of this listing is annotated in Table 5- 4.

4
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Table 5-14. Tracking Output Listing Description

Page
Item Description Reference

Permanent-station information. The six columns 3-5
from left to right contain station identification, 5-32/5-34
weighting sigma index number, geodetic latitude 5-62
of station, longitude of station measured east from
Greenwich, and height of station in feet above
mean sea level.

If temporary stations are present, corresponding 5-34, 5-35
information is printed immediately preceeding the 5-67, 5-68
observations for the appropriate block (see Item 2).

2 Observation time. The month, day, hour, minute, 5-35/5-37
and second of an observation are associated with the
set of values appearing in the same line. The year
is assumed to be the same as that of epoch day.

3 Station identification. If pass identification (obser- 5-35/5-37
vation-card columns 3 and 4) is used, the charac-
ters entered will. appear to the immediate right of
the indicated letters.

4 Observation set number. The integers in the indi- 5-37
cated column desigrnate which specific observation
types are represented by the measurements given
on that line (see Item 5).

5 Observations. The specific observation type is 3-13/3-20
indicated by the set number (see Item 4). For ex- 5-35/5-37
ample, the last line on the first page of Figure
5-31 contains range, azimuth, and elevation
measurements.

6 End of flock. This break in the listing of observa- 5-35/5-38
tions indicates that a TF card has been encountered 5-63
by the TRAIN link input routine. If temporary sta-
tions are present in any flock, the corresponding
station location and-identification information is
printed immediately preceeding the observations in
that flock.
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Table 5-14. Tracking Output Listing Description (Continued)

Page
Item Description Reference

7 Satellite identification. A message such as the 5-18, 5-19one indicated is printed when the input routine 5-22

encounters a TT card in the observation deck. 5-66
Satellites are numbered sequentially as the cor-
responding observations are encountered in the
input deck.

8 Indication of the quantities (parameters) to 2-7
be differentially corrected, which in this case 3-70
are a, 6, p, A, r, and v for Satellite No. 1, 5-13, 5-14
thrust amplitude and time constant for Satel- 5-22, 5-23
lite No. 1, a for Satellite No. 2, and a for
Satellite No. 3.

9 Flock count. If a binary data tape is used to
input the observations, this count should be
ignored.

10 Card image of the END card following the obser- 5-67
vation cards in the input deck.

11 Differential correction bounds. This sequence 2-11
corresponds to the previously described sequence 3-70, 3-73
of the parameter indications (see Item 8). 5-24

12 Weighting sigmas. The observation type number 2-7
and the value of the weighting value are shown. 3-70, 3-71
For example, observation Type 19 corresponds 5-26, 5-27
to range rate and the assigned weight is one foot
per second. Sigmas are entered ior observation
Types 1, 2, 3, and 19 only. A weighting sigma of
zero is automatically applied to the other types of
observations entered, which has the effect of ex-
cluding them from the least squares process
(i. e., they are given zero weight).

13 Initial conditions for additional satellites. If 5-18/5-22
more than one satellite orbit is defined, the
ADBARV quantities at epoch for the additional
orbits will appear at this location.
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Table 5-14. Tracking Output Listing Description (Continued)

Page

Item Description Reference

14 Gravity field indices for partials computation. 3-52/3-54
These integers define the highest-degree 3-60/3-62
and -order terms of the gravity-field expression Appendix F
that are to be used in the variational equations
(see Table 5-12, Item 23).

15 T-matrix indicator. The disposition of the vari- 3-53
ational equation T-matrix term option is indicated 5-6
at this point. Appendix C

16 Definition of current orbit. For each iteration 3-4
the current values for the parameters are used 3-11, 3-12
to compute the quantities shown (see Table 5-13, 3-63/3-66
Items 8 through 10). 5-97, 5-98

17 Nodet pript. Each time the integrated trajectory 3-63
crosses the equator (as determined by interpola- 5-5
tion between integration steps) the date, time in
minutes from midnight of epoch, and the rectan-
gular elements (x, y, z, k, ,, i,) in units of
earth radii and earth radii per minute are printed
in the octal mode. All, output by the FITA link is
in sequence by time for each satellite. The
numerical integration interval for each satellite
begins at epoch and ends at the time of the latest
observation for that satellite. A message is
printed each time any of the events of equator
cross,.ng, start of thrusting, end of thrusting, or
orbit adjust are detected during the integration,
interval

18 Thrust start message.. This output indicates the 3-51
beginning of a thrusting interval for the satellite 5-8, 5-9
whose motion is being integrated.

19 Thrust resultant. During the thrusting interval 3-51
the thiusL ingnitude at the time of node crossing 5-8, 5-9

, is printed on the line following the nodal elements.

20 End of thrust message. No thrusting will be 3-51
included in the equations of motion after the time 5-8, 5-9
appearing at this point.

5
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Table 5-14. Tracking Output Listing Description (Continued)

Page
Item Descriptidn Reference

21 Satellite-number message. Integration of'tihfie 5-18/5-22
equations of motion for several satellites is
performed serially, wherein the complete tra-
jectory for Satellite No., is integrated, then the
complete trajectory for Satellite No. 2, etc. This
message indicates that integration of the equations
of motion for Satellite No. 2 is starting and that '4
the node prints following apply to that satellite.

22 Station identification and system time of residuals,
These are to be associated with all residuals
which appear on the same line. It should be
noted that system time is defined as seconds
from midnight of the current day.

23 Residuals. These are unnormalized differences 2-9
between the input observations (as modified by 3-70
bias or refraction corrections) and correspond- 3-76, 3-77
ing values for the same observation types 5-8
computed from the integrated trajectory position
at the observation times. Up to six residuals for
the same time are printed on one line. The obser-
vation type is indicated in parentheses immediately
following the residual value in each case. Note
that residuals appear for the unweighted as well
as for the weighted observations.

Identification of the foregoing observation-type 3-14/3-19
indicators with observation descriptions or symbols
defined elsewhere in this report is in accordance
with the following:

Indicator Description or Symbol Unit

R Range ft
A Azimuth deg
E Elevation deg
TR Topocentric right ascension deg

5-I15



Table 5-14. Tracking Output Listing Description (Continued)

Page
Item Description Reference

23

(cont) Indicator Description or Symbol Units

TD Topocentric declination deg
HA Topocentric hour angle deg
GR Geocentric right ascension deg
GD Geocentric derlination deg
U Horizon scanner in-plane angle deg
V Horizon scanner cross-plane

angle deg
H Altitude(h) ft
X x fty A ft

Z ft
R Range ft
P Rar re difference ft
Q Range difference ft
RD Range rate ft/sec
PD Range-rate difference ft/sec
QD Range-rate differenc ft/sec

24 Observation time. The time identified in Item 2
in terms of seconds from midnight is given in
alternate form, wherein the day of the month and
the hour and minute of the day are given as
integers and seconds are given to two decimal
places.

25 Editor message. Whenever the residuals editor 5-28
deletes an observation, a message such as the one
shown is printed. The indicated residual is not
included in the least-squares process for the
iteration in progress but will be reconsidered on
the next iteration.

26 RMS summary of residuals. The root-mean-square 5-28
of the residuals for each type of observatinn f€nrn
each station is computed by the residuals editor
and the result is printed at this location. Included
are the .tation identification, number of residuals
included in the RMS (i. e. , the total numbitr for
that station and type minus the number deleted by
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Table 5-14. Tracking Output Listing Description (Continued)

Page
Item Description Reference

26 the editor on this iteration), the RMS, and the RMS
(cont) divided by the input weighting sigma. The

observation-type indicators are the same as
those used in the residuals print output (see Item
25). Units are feet, degrees, and seconds.
Interpretation of the boxed printout area of the
Item-28 sample output should be that twenty-three
azimuth observations from station EE passed the
residuals editor and were included in the least-
squares process. The root-mean-square of these
residuals is 0. 753981 degree, which is 7. 53981
times the sigma input for weighting azimuth obser-
vations from station EE (input sigma = 0. 1 degree).

A restriction associated with the residuals editor
is apparent if the summary information is com-

4-_ pared to the detailed residuals print described in
Item 25. Only five observation types for some
stations are represented on the summary output,
whereas more than five types were used in the fit.
Because of storage capacity constraints, the
residuals editor will accumulate residuals and
perform editing checks for only the first five
observation types encountered for each station.

27 Iteration number. TRACE-D performs the track- 2-9
ing, or orbit determination function, by computing 3-77
series of differential corrections to the parameters 5-28
selected by the user. The iteration number is ad-
vanced each time the process of computing a set
is repeated. The number may be interpreted as
an indication of the number of times the trajectory-
integration/least-squares process has been
performed.

28 Observation count. The number of individual ob-
servations included in the current least-squares
computation is indicated.
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Table 5-14. Tracking Output Listing Description (Continued)

~Page
Item Desci iption Reference

29 Convergence indicator. If the weighted RMS for 2-9
all residuals for the current iteration is less than 3-77
that for any previous iteration, then the fitting
process is converging and the message shown is
printed. If the RMS obtained on the current itera-
tion is greater than the smallest RMS obtained on
previous iterations, the message

CURRENT ITERATION IS NOT GOOD
(RMS = C. xxxxxxxx xx)

is printed in this position.

30 Current solution. If the iteration is successful 3-77
(i. e., the overall RMS has been lowered), indi-
cated values are the parameter values used in the
trajectory, partial derivative, and residuals com-
putations which have just been completed. In the
case of Iteration No. 1, they are the input values
of the parameters.

If the iteration is bad, the words

GO BACK TO

are printed, and the values of the parameters which
so far have p~roduced the lowest RMS are recovered

from memory and printed at this point. Param-
eter names are generally self-explanatory, with
the possible exceptions of the multiple-vehicle
elements. The satellite number is printed before
the element name for Satellites 2 through 6. In
the case of the boxed printing on the Item 30 sample
output, the parameter is right ascension of Satellite
No. 2, where units are feet, degrees, and seconds.

31 Current solution in octal digits and machine units. 5-5
These numbers corresponding to those descioibed

the units used for internal computations. Use of
these quantities permits bypassing units and
number-system conversions during input and output.
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Table 5-14. Tracking Output Listing Description (Continued)

Page
Item Description Reference

32 RMS. This is the quantity which is to be 2-9
minimized in the tracking or orbit determination 3-76, 3-77
process and is the root-mean-square of the nor-
malized residuals included in the least-squares cal-
culations on the current iteration.

33 Corrections. The result of solving the system of 3-73/3-76
normal equations associated with the current itera-
tion. Each -orrection is associated with the param-
eter which occupies the corresponding position in
the current solution block (see Item 30). Units are
feet, degrees, and seconds.

34 Bounds. Current values of the numbers used to Z-11
limit the size of corrections. In general, these 3-73
bounds are automatically increased on a good itera- 5-24
tion and automatically decreased on a bad one.

35 Bounding indicator. This message will be either 3-72/3-76

HITTING BOUNDS

or

NOT HITTING BOUNDS

The first message indicates that the magnitudes of
the corrections have been controlled by solving the
system in such a way that the constraint implied by
the bounds is satisfied, and the latter that the nor-
mal equations have been solved without applying
the bounds.

36 Next solution. Each value is the sum of the param-
eter value giverx in the corresponding position under
"current solution" and the associated correction.
These are the parameter values which will be used
for the next iteration.

37 Next solution in octal mode and units of earth radii, 5-5
radians, and minutes. (see Item 31).

I
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Table 5-14. Tracking Oatput Listing Description (Concluded)

Page
Item Description Reference

38 Predicted RMS. If the fitting process is converging 2-9
in a completely linear fashion, this will be the 3-76
RMS on the next iteration. The comparison of this
number with the current RMS (see Item 32) may be
used to measure the degree to which the process
has already converged,

39 Sigma of parameters divided by sigma of the nor- 2-17
malized observations. The numbers given are the 3-76
square roots of the diagonal elements of the inverse
normal matrix. If certain assumptions are made
about the characteristics of the observation set,
the numbers may then be taken as the variances on
the parameter solutions.

40 Correlation matrix, correlation coefficients for the 3-78
parameter set. These values are computed directly
from the covariance matrix (i. e., the inverse nor-
mal matrix). Rows and columns are in the same
sequence a3 in the Item-39 block.

[1
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5.5.4 Data Generation Output

Listed outputproduced by a typical data generation run is shown in Figure (

5-32. Supplementary descriptive information relating to the indicated areas

of this listing is annotated in Table 5-15.
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C
Table 5-15. Data Generation Output Listing Descripti.i,

Page
Item Description Reference

I Group-2 FINP input. The entries shown indicate 5-46/5-48
that a bias of 1000 feet is to be applied to all range
observations generated for Station BB.

2 Sigmas. In the case of a data generation run, the 3-39
sigma table is used for the purpose of specifying 5-46/5-48
the standard deviation of random noise which is to
be applied to the generated data. Interpretation of
the printed output shown is otherwise the same as
described under Item 12, Table 5-14.

3 Specification-I input data. The eight columns from 3-15
left to right contain station identification, data inter- 5-47/5-50
val, minimum elevation angle, maximum elevation
angle, maximum range in nautical miles, and data-
generation start and stop times in days, hours, and
minutes from midnight of epoch day.

The information shown indicates that the following C
specifications have been given to the program:

a. Observations are to be generated for Station
AA at 15-second intervals whenever the
computed local elevation angle is above zero
degrees.

b. No maximum elevation angle is assumed and
no maximum range is to be considered (data
generated for all ranges and for all elevation
angles greater than zero).

c. Station AA is assumed to be active during the
time interval from epoch until a time 24 hours
after midnight of epoch day.

In the case of this particular data generation run,
the corresponding Specificaton-I input items for
Stations BB through FF are identical to those for
Station AA. o,:e'aer, this need nnt he tvie in

general, inasmuch as each station is independent of
the others with respect to these input items.
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Table 5-15. Data Generation Output Listing Description (Continued

Page
Item Description Reference

4 Paramdter indication. The message indicates that 3-39, 3-40
the range bias parameter has been selected for 5-48

*,,tti 6 n BB. In the case of a data generation run,
.- azdar parameters are selected only for the purpose
'of applying biases to the generated data, in this case
-a range bias on Station BB data. The message
alluding to the correction of parameters therefore
should be ignored.

5 Specification-lI data headings. These headings define 3-13 /3-19

the format of the table appearing beneath them. The 5-50/5-54
purpose of this table is to define the typqs of data
which are to be generated for each station. Except
for the station-identification column header, which
is printed vertically, the headings appear in two
horizontal rows, with the top row displaying the
symbols RANGE on the left and LONG. on the right
and the second row the symbols SUR. R on the left

- and U, V on the right. The individual headings are
interpreted in accordance with the following:

Heading Description or Symbol Units

RANGE Range n mi
AZMTH Local azimuth angle deg
ELEV. Local elevation angle deg
R. DOT Range rate ft/sec
P. DOT Range-rate difference ft/sec
Q. DOT Range-rate difference ft/sec
P Range difference ft
Q Range difference ft
AZ. DT Rate of change of local deg/sec

azimuth
E. DOT Rate of change of local deg/sec

elevation
R. DDT Second time derivative of range ft/sec2

MU. VIS Mutual visibility (indica-
tor)

LAT Latitude of sub-vehicle point deg
LONG. Longitude of sub-vehicle point deg
SUR. R Surface range, station to sub- n mi

vehicle point
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Table 5-15. Data Generation Output Listing Description (Continued)

Page
Item Description Reference

5 Heading Description or Symbol Units
(cont)

HIGHT Altitude above oblate earth n mi
DOPLR Doppler freauency shift cps
LOOK Look angle deg
VARI Variances Same as

corresp.
observa-
tions

KAPPA Angle between radius vector deg
and local vertical

ASPCT Aspect angles deg
ATTEN Signalattenuation db
X,Y,Z x y, z n mi
T-R, D Topocentric right ascension deg

and declination
G-R, D Geocentric right ascension deg

and declination
HR. ANG Topocentric hour angle deg
U, V Horizon-scanner angles u,v deg

6 Data-type specification table (Specification-Il infor- 5-50/5-54
mation). The two horizontal lines associated with
each station are the line containing the station-
identification symbol and the line immediately be-
low it. An X on the first line or a Y on the second
line indicate that the corresponding quantity a
defined by the table header is to be generated. In
the present example the indicated data types for
Station A.P. are range, azimuth, elevation, range
rate, height (altitude), x, y, z, topocentric right
ascension and declination, topocentric hour angle,
and horizon-sensor angles u and v.

7 Node prints. Each time the integrated position of 3-63
the satellite crosses the equator, the time in min- 5-5
utes from midnight of epoch day and the satellite
o-position and velocity in the basic iooxrinate system

art printed. Position and velocity are given in the
ocial mode and in units of earth radii and earth

:. " radii per rri-nute. "
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Table 5-15. Data Generation Output Listing Description (Concluded)

Page
Item Description Reference

8 Rise message. The time when the satellite be- 3-38, 3-39
comes visible from a particular station (at the 5-39
specified minimum elevation angle) is obtained
by interpolation and printed in the manner shown,
along with the local azimuth angle for the corres-
ponding time.

9 Time corresponding to generated data. The time 5-48
shown is to be associated with the data quantities
appearing on.the line to the right of the time print-
out and on the line following. The time is given both
in hours (0 through 24) and minutes of the day as
idenified at the top of the output page, as well as
in minutes from start (i. e., minutes from epoch).
In the case of the particular output shown, time
from start corresponds to the time ,of day because
the epoch chosen for the run happened to be mid-
night.

10 Maximum elevation point. The time when the eleva- 5-39
tion angle reaches its maximum is obtained by inter-
polation and printed along w ith. the corresponding
values for the elevation and azimuth angles in the
manner shown.

11 Set message. When the time at which the elevation 3-38, 3-39
angle reaches the specified minimum from above is 5-39
obtained by interpolation, the print shown at this
position occurs.

12 Duration message. Aer each pass, a znessage is 5-39
printed giving the time in minutes during which the
elevation angle was above the input minimum value
and the range was below the input maximum value.
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5.5.5 Residuals Analysis Output Description

The listed output created by a typical residuals analysis run is shown in

Figure 5-33. Supplementary descriptive information relating to the

indicated areas of this listing is annotated in Table 5-16.
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Table 5-16. Residuals Analysis Output Listing Description

Page
Item Description Reference

I Observation time. This is the time point associ-
ated with the information which follows on the next
four lines of printed output. The month, day, and
year are shown at the left ,side of the page on the
line indicated, followed by the- time of day in hours,
minutes, and seconds. This in turn is followed by
system time (SYSTM), which is the time of day
given in terms of seconds from midnight.

Z Station identification. 5-32/5-34

3 Observation time in minutes from midnight of 5-35
epoch.

4 Observation type. Each of these letters indicates 5-37
the observation type which produced the three
quantities shown on the same line of output
immediately to the right of that letter (see Items
5, 6, and 7). In this case the types are range, C
azimuth, and elevation.

5 Calculated observation values. The indicated 3-i3/3-19
numbers are values of range, azimuth, and
elevation which have been computed from the
integrated position of the satellite at the obser-
vation time and the location of the station
associated with the observation,. Units are
feet and degrees.

6 Residuals. The quantities indicated represent
the dif(erence between the inpu. observation
values and the calculated values (see Item 5)
for range, azimuth, and elevation measure-
ments reported by Station CC at the time noted
(see Items I and 3). Units are identical to
observation input units for all residuals.

7 Tnn,_ " fid1s (i. e., the obeervatin 'ii81A 3-86

divided by the calculated time rate of change of
the observation). Units are seconds.
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Table 5-15. Residuals Analysis Output Listing Description (Continued)

Page
Item Desc7:iption Reference

8 Orbit-plane residuals. These are the compo- 3-84/3-86
nents of the residual vector, as determined by 5-58
the R,A,E residuals, in the orbit-plane coordi-
nate system. Units are feet.

9 R , or the square root of the sum of the squares 3-87
of-the radial, in-track, and cross-track compon-
ents of the residual vector.

10 Accumulated SOS. The three quantities indicated
are the square root of the sum of the squares
for the radial, in-track, and cross-track compo-
nents, respectively, for all R, A, E residuals sets
from Station AA.

11 RTof accumulated SOS components. The square 3-87
root of the sum of squares of the radial, in-
track, and cross-track SOS components (Item-10
quantities).

12 Number of points. This indicates the number 3-84/3-86
of R, A, E residual vectors, resolved into orbit-
plane components, that are represented in the
accumulated results. This number is printed
three times only for programming convenience.

3 RMS of components. The root-mean-square of
the radial, in-track, and cross-track components,
respectively, ,ior all R, A, E residual vectors for
Station AA. Units are feet.

14 RMS vector, magnitude. The square root of the
'sum of squares of the co.iponents specified
in Item 13. Units are feet.

15 .omponent mean values. The arithmetic
average of all radial, in-track, and cross-
track components, respectively, for residual
vectors computed from R,A, E sets from
Station AA. Units are feet.

5-169



r

Table 5-15, Residuals Analysis Output Listing Description (Concluded)

Page
Item Description Reference

16 Mean-vector magnitude. Square root of the
sum of the squares of the quantities specified
in Item 15. Units are feet.

17 Accumulated results for x, data from
Station AA. The quantities in this block
correspond directly to those in similar
positions in the R, A, E block described in
Items 1 through 16.

18 Accumulated results for Station CC.

KJ

5

5-i70 ,



APPENDIX A

STANDARD VALUES AND STORAGE LOCATION OF CONSTANTS
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APPENDIX A

STANDARD VALUES AND STORAGE LOCATIONS OF CONSTANTS

Figures A- 1 through A- 3 illustrate tab listings of standard values and of

storage locations of constants applicable to TRACE-D program runs, The

listings given in Figures A- 1 and A- 2 tabulate numerical values and descrip-

tions for the standard entries to the INTEG (integration constants) and C

(physical constants) regions. Corresponding entry locations within each of

these regions are indicated by the numbers in the left-hand columns of these

tabulations. The listing presented in Figure A-3, delineating the "basic

running deck" (except for the REIN binary cards), itemizes the standard

values assigned to those FINP entries which are input on all TRACE-D runs

unless special instrilctions to the contrary are given.

One particular TRACE-D characteristic associatea with input of physical

constants which should be noed is that all physical constants are input on

each run as part of the FINP data and that none are built into the program.
Care must therefore be exercised by the user whenever any of the standard

values are altered due to the fact that they are interrelated in some cases.

For example, if the number of feet per earth radii were to be changed, it

might be necess.ry to change the entries at C(2), C(3), Q(15), C(23), C(24),

C(25), and C(30).

Description of entries to locations other than the INTEG or C regions has

been given in the basic ,TRACE-D Program report (see Section 4. 3).
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APPENDIX B

DERIVATION OF V MATRJX

In the variational equations associated with TRACE-D program procedure,

the dependence of the gravitational force upon vehicle position is represen-

ted by the matrix

V X r "I

which for v-matrix derivation purposes may be written

where

TX = (x, y, z) vector position of vehicle

F = gravitational force vector

The components of F in an equatorial coordinate system with the principal

axis in the direction of the Greenwich meridian are

(fx (coso~cos X -sinkX -sino~cos X\/ \
f cos 0 sinX cos X -sin0 sin (E

fz sin @ 0 cos tgN

where

geocezntric latitude of vehicle position

X =longitude of vehicle position

B-1



r

gU,E,N - force vector components in thv local horizontal
coordinate system, wherein the coordinate axes
are directed Up (along the radius vector), East,
and North

rhe foregoing equation also may be written in v,(, tor notation, or

F - RG

The components in an equatorial inertial coordinate system with the principal

axis in the direction of X (vernal equinox) are obtained by a similar transfor-

mation in which a replaces \.

Using subscripts to denote differentiation, and expanding in spherical coordi-

nates (r, 0, X),

FX M FrrX+ F OX +  x

" RGrr x + RrGr X + RG Ox + R Gox + RG X  .+ R xGX

" R(GRr x + G OX + GxX) + R0GoX + RXGXX

Noting that

R 0 =R 0 0 0) RE 1

1 00

-1 0 R E2R

1 0 0!

(0 0



then

FX = R(Grr X + (G0 + EIG) OX + GxXx) + EZRGXx

I Tr R(- G X + (G . EG) X + GXx) + EZFX
r r 1

=R(1 .GX + (cos 0 G + cos X E G)  + GX + EFXr ro GkX) a

The latter expression permits the desired matrix V = F x to be computed

after OX/coso, X and Gri GO, G. , respectively, have been calculated from

geometrical formulas and from applicable equations for G (see Section

3.6.1).

In deriving expressions for G r G, and G\ it is convenient to make use of

the relations sin # z/r and X tany/x, wherefrom

Ox -xz -xz

cos r3 cos 2 0 r(x 2 +y

0y Y -yz

cos€ r(x z + y

+Z -Z r r - z

Cos €r(x +y ) (x +y ) r(x +y )

x4 x 2 z

x

y x Z+y

'X Zz
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In the foregoing expressions it should be noted that a. \x  inasmuch as a
and \ differ only by a time- dependent term.

The vector G has previously been given (Section 3. 6. 1) as

Y-  1 - , (n + )J r P(sin o)gu - n\ F ] ,

r n

+ (n + I)J m( Pm(sin €)cos m(\-k
n-Z m- I 11m

n2 n fa\n
- m eJ P m(sin 0)sin r(Xnm )

E rcos n m, nm\ r n

E J P'(np,(sin O)cos o
r -n=Z nn

nn Zm n a\-- n

+ i r ) n(sin O)cos 0 cos m(%- nm )n=2 mnzl nmrn7n)

where

gU, E, N Up, East, and North components of vector G

t product GM of Newtonian gravitational constant and the earth mass

r, 0, X geocentric distance, geocentric latitude, and east longitude,
respectively, of a point

a e mean equatorial radius of the earth

Sn' Jnm numerical coefficients
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Pn Legendre polynomial of the first kind of degree n

rnP n Associated Legendre junction of the first kina

- longitudes associated with the J

nm nrn

Differentiating the foregoing expressions for gut gE' and then

r 2 2- F, (n + 1)(n + JP sn)
r r n-2 r

nZ n a ) nm

+ L mJ (n + l)(n + Z)J n P M(sin O)cos m(%- Xn
n-2 m.1 nm\ r ) n nri)]

Fg 2 n
rgE os m(n + Z)Jm P (sin )sin m(% - N8r r 3 r s 0 n - -:1n ( r nm ]

a N (n + )J(a

N ( P' n( sin @)cos"-T-- -r - n r.J

n Z n e_ ) , ]

" n - (n + 2)Jn()n P (sin )cos 0 cos m(% -

n2 n

- I (n + 1)J (sin O)cos 0 cos m(X- nm)Jn - 2 m -z n m \ r n nn )

B-5
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OgE os 2 -2 n \ a
F cDlaCOS) rnl

N-COS 2 JP (sin o)sin m( x +gsin

r Jn

ns 0 F, , i m" {P si 'n0r e n n

+ :2Z -E Jn - JP " (sin O os' 0

m I
-pm (sin o)sin c Cos m(- - r-

ax 2 n =2 mn l

aN- F /a\
A-4 ~ M n I)J m(. (sin OS sin (X -x

r 2 LAz 1 n n n

r cos~ -

and

- mj mJ- l (s s O)cos @ sin m(X - X)

a% n nm r I n
racs r' n = m=l nr~/

The terms cont& ning second derivatives of Legendre polynomials in the

precedir equation for agN/ a@ cos 0 are calculated using the recursion
forrnulas

cos P" (sin Z) 2 sin 0 Pn(sin ) n(n + I)Pn(sin @)

(
B-6



and

Cos2 Pmi (sin@) -2 sin€P ,(sin o)- In(n + 1) m2 Pnm  i
CosC

which may be rearranged in the forms

cos 3 P" (sin 0) - cos 0 sin 0 P'(sin 0) = sin 0 cos 0 P'(sin 0)
n n n

- n(n + l)cos 0 Pn(sin

Cos 3 In (sin )- sin 0 cos Pm (sinb) = sin 0 cos @ PM/(sin )
nn

p P (sin)
- {n(n + 1)cos 20- m 2 n  n

Cos

The equation containing the second derivatives of the Legendre polynomials

consequently becomes

[ =- J _fcos (sin P'(sin 0) n(n + 1)P (sin )8gN ~n I5 On --- co Vli I€

n- n /an(+n F E e(sin 0 cos Pb 1mn (sin @

n=2 m=l nn

-{n(n+ l)cos2  -m} Pn'(Sin Cos m(k - ]
B7 nm)
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Using the GRAV subroutine notation (see Appendix Fl, wherein

An - (n + 1)J A Pn(sin 0)

Bn = ( +n

la \n
Bn + r1)J e Pnm (s i n 0)

nm e
nmncs nm\ r n

/ a e m
c = i - (in

nm Co 0 nmF)n

En = (sin )cos 

the exreson orG, @ 7G k th+L become

(for Cr

ng n( nnn

- ~~~~~ = m/ ZA + C )

r n 2) n-Z rn=l nm nm

8gE _I (n+Z2)C 'n-1-F r- = nZ m=1 nm

2 + (n+?.)D n + m+, (n + G
nr=3 n2 llnnBn8
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(for G)

agu7  *5T Co jn
gu So [='s (n+ 1)D + n l(n+ 1)EnmGn2 I n: n n-:2 m =l n

r2

--s = " F EnmF + gEsin
n2 m--1 nmnmr

o- 0 rs 0 = - (sinb Dn +ncosA)

FaX (sin 0E + 1)n + Cos 2 - rim rim]
n=2 m=l jm G'G m

5 -' and (for G.)

"- 2 m-l nm 1
r

E E mC G
ax r2 Ln=Z m=1 n n.

a ZgN n2 n im

T% r2 -n2 mnl nm m

The three vectors Gr, cos 0 G 0 and G. thus obtained are then applied in

the previously indicated computation for V FX ,

B-9
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APPENDIX C

DERIVATION OF T MATRIX

In the variational equations associated with TRACE-D program procedure,
the dependence of the drag force upon vehicle position is represented by

the matrix

T 8aF

I (CD A) 2-(

7(a+ ava aA

Z\ (AaDA)X XA + PVaA)
7 -1V (--A-'kAa -8X + PXa -Fx A vX--

The derivatives of the factors p, VA' and XA appeari:- in the latter expres-

sion then are

8VA 8-_ 2 2 1/2

FX-. To Ke o e
-VA 'A - kA 0)

" [ W- -
0 0

0f 0

C-I
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In connection with the first of the above relationships it should be noted that

8h jOh 8h 3h\

where

a e(2- 3E + )z
Oh x - e

r [r - (Ze - Ez)(xz + y)] 3/4

22 2
S a ec(2- 3c + e )zy

Ty T I '[r r- (ZE E z Xxz + "y 2 7 3/

ah z a e(2- 3r- + F2)(x2 + y 2)

[r2 - (z 2)(X2 + Y 2 3/2

ae(1 - )

h~- 2  I + 2 r -(2e - C 2)
z

r

= ellipticity of reference ellipsoid

and also that Op/Oh, the rate of change of density with altitude, depends

both upon the model atmosphere and its parameters and upon h.

The term 8p /Oh either may be approximated by using

Oh h

with values of p' specified respectively within the altitude intervals 0 _5 h < 108

and 108 5 h < 378 nautical miles or may be calculated from expressions for

density.
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In the latter case, for 76 5 h < 108 nautical miles (p' =p ),

p1  5.606 x 10 d 1  + 0.65 - + 61 +cs

F_3.'(.!L 7 ) F1 0 .7][l hi3

and fo" 108_< h < 378 nautical miles (P' = P),

P2 = p(h)(0. 85F 0  17)I l + 0. 19[exp(O. 012h) - 1.9](1 + Cos

where

logl0po(h) =-d 2 - 0. 00368h + 6.363 exp[- 0. 0048h]

dI, d .= numbers input to the pr'ogram at execution time

F1 0.7' %p' = Lockheed-Jacchia model-atmosphere parameters (Ref. 12)

Differentiating each of these expressions with respect to h then yields

"p1 -d~p h .6 012(76 + Cos kp' 1184 - 2h
75- h x 4896

+ 5. 606 x 10- 276) (0. 85)F ( ) [ (+ Cos f'3 (532-7h( h1 .7[12 - 2 14688 1

and

aP2  - [ 0. 00368 + 0. 0305424 exp(- 0. 0048h)]

0. 4342-944819 + (0.85)F10.7

X exp{2. 302585[d 2 - 0. 00368h + 6. 363 exp(- 0. 0048h)]}

X[0. 001938( 1 Cos 'expO )0102h

10.- e
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Combining the foregoing results, the elements T.. of the T matrix then are

GD A ____YAA

T1  'v .pe ah _ _ _

S -A A 8- h VA

.C.TIwZ"-(VAA Lah -5y VA +PV A we

C Ai
T -3 D =p eh e A PV

2.1 -WAA - VA PVA(VAe

CDA I XOh eAA -
TZZ D 8p~QAY hj av
TZ2 --Tw- (VAa A dh +~ V ",

CDA/.8p 8h)

y3 = - '_-_A -z

" " A
CDA ( . Op Oh OCeyAzA
C A V / V A

C D c__ ah + Ew exA zA
~32 CD A A a A!

CCA
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APPENDIX D

ANALYTIC SOLUTION OF CERTAIN VARIATIONAL EQUATIONS

When the forces acting on a vehicle are symmetric about the polar axis of

the earth, the variational equations for the two initial- condition parameters

a (right ascension) and 0 (right ascension of ascending node) have the

analytic solutions

9x a _x

- = -y - x

0aa8

az- 0 a Z- 0a aa-a

and

ax &i

x x

z OzS---0 ----0
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These solutions may be derived from consideration of the vector equation

x r cos 6 cos a

z rsin 6

wherein r, 5, and a represent instantaneous values. Differeniating with

respect to ao0 the initial value of right ascension, then leads to

3X E)X 8r +aX 85 + X la

5-a 5r a aa8a
0 0 0 0

Noting that

-Y

ax

0

it thus is necessary only to show that the relations

Or 5 0 Qa

0 00

which are intuitively plausible in the case of axially symmetric forces, hold

in order to complete the derivation of che analytic solution

(
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Letting

R= 6

a

a differential equation for R under the symmetry assumption would be of the

form

R = G(r, 6, i-, 6, .)

or

B G(R, R

with initial conditions

R(t) 5 o

and

(to 0 0oio
0

but with no dependence upon a.
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Differentiating with respect to a ° and interchanging orders of differentiation

then yields

R G = R + 'Gao R ao+ BR ao

with initial conditions

R (t 0
CL 01 i

0 \]

and

.(to)0 0
0  0

Inasmuch as the third column of the matrix aG/ R is aG/ 8a, which is

always zero by the symmetry assumption, then

necessarily is a unique solution which, when expressed in component form,

gives the required relations

8r  086 01
a 0 da 0  . a=

(
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APPENDIX E

BINARY EPHEMERIS (137) TAPE FORMATS

The format and characteristics of the TRACE-D program binary ephemeris

(B7) tape are illustrated in Figures E-1 through E-4, Setup information for

generation of this tape in conjunction with a TRACE-D program run has

been fully described in the basic document (see Section 5, Z.2).
1. EVEN-MINUTE FORMAT

The RESIDUE link may be used to difference two ephemeris tapes and to

resolve resulting differences into orbit-plane coordinates. Tapes applicable

to this procedure are typically contractor-produced, but may also, for

example, involve a combination of one contractor tape and one TRACE-D

generated tape. These tapes must be compatible with the IBM 7094 computer

and IBM 729-VI tape units and must be in the binary mode with 36 bits per

word and a density of 800 bits per inch.

It should be noted that the rectangular coordinates involved in thIs connection

are in the usual inertial system, with the principal axis along the rnean

equinox at midnight of epoch day and the Z axis along the axis of rot- etion.

2. EXPANDED FORMAT

Future modifications to the TRACE-D program will result in addition of a

number of words to the data records of the B7 tape, The logic fox sp"ci ying

the time points will also be generalized. The expanded formatas well as

revised usage instructions,will be made available as such progr rnn ing

changes are introduced.
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LdentfiionBD File I {I record)

EOF

Record Forimatfi

IEpoch Data Aeod
Foating Point I

Fil 2 arbitza.ry
mmirbe r *i

Even 44intute DataI

1Record, Floating Point--

Eveni-Minute Data--

mc ord 'Fiiting Pointj

I-Zn

File 3 (1I rec~rd

tj

ylgar Z1 inry~ rplnmers (B7'1 Ta~po Shematic Frnr



FILE 1

1 (Contractor Designation)
2 (Year) (Month) I (Day)

3 System time, integral part)Re.Dc

- 4 (System time, fractional part)

S5 (Starting Rev. No. (Ending Rev. No.)

6 General ID
- file contain-
7 ing BCD

"8 Icharacters
9 (Description)

10

12

13 & D IT 1 oj 11,

: Notes±

1 . Questities enclosed in parentheses describe entry content. Characters
kp t enclosed in parentheses indicate literal content (i. e., the BCD

representation of a decimal point, or 73, should occupy the last six
bits of Word No. 3.

- Z. System time is in seconds from midnight of current day.

3. Word No. 2 through 4 designate epoch time.

4. g' 4. Words No. 6 through 12 are used to describe a particular ephemeris run,
and she,aId include earth and atmosphere model designations, any unusu-
al parametevr a-sociarsd wlth the fit which determined the vector, and
any other informnation d~Itingaishing the ephemeris.

Figuze . File 1 Detailed Format

---

-- i ,-b



000

0

v. = 4 -

vj bp 0 Ci C ) .

4, ': ,4 4, 4. ,14 5 1

,0 4D

a a 00nth v t

~~~Q IL~ 0 ' 4 A '

~~~~~~t w, U " ,U 0~ 4

a.4a E E 1.v 0, 'S

0, 4,20 r

4,~~~- v0-
LOCI r4 0001-Z t:1 u'~ 

4 4 , 3

04 v , 0

0 , ta' bav to' 4

4,. En ~ 0 0,0 .

V ~ ~ 0 -n ~ r- cc a ~ v , j o m v n of oa n-0f 0

~4, Ia. 4,0E-4



FILE 3

E N D 0 F T

A P E 0 0 0

0 -0 0 0 0 0
0 0 0 0 0 0

0 0 0 0 0 0 End of tape

0 0 0 0 0 0 file contain-
0ing BCD

characters
0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

END OF FILE MARK

Figure E-4. Special File ndic a g End of Tape

E-5
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Appendix F

CHARACTERISTICS OF COW',, FINP, AND GRAV SUBROUTINES

The material contained in Appendix F consists of information relating

to subroutines COW, FINP, and GRAV, and is included to satisfy interest in

the specific methods employed by these routines or in details regarding their

usage in connection with the TRACE-D program. The following pages have

been extracted from a Programming Handbook used by members of the

Aerospace Corporation Computation and Data Processing Center.

It should be noted that since the following subroutine writeups are

reproductions of instructions appearing in the Handbook, none of the contained

symbols, notation, or references should be associated with other portions of

this document. Thus, within the context of these extracted pages, reference to

Appendices A or B would refer to the material appenr.ed to a particular sub-

routine writeup rather than to Appendices A or B of this primary report.
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Appendix F

CHARACTERISTICS OF COV', FINP, AND GRAV SUBROUTINES

The material contained in Appendix F consists of information relating

to subroutines COW, FINP, and GRAV, and is included to satisfy interest in

the specific methods employed by these routines or in details regarding their

usage in connection with the TRACE-D program. The following pages have

been extracted from a Programming Handbook used by members of the

Aerospace Corporation Computation and Data Processing Center.

It should be noted that since the following subroutine writeups are

reproductions 6f instructions appearing in the Handbook, none of the contained

symbols, notation, or references should be associated with other portions of

this document. Thus, within the context of these extracted pages, reference to

Appendices A or B would refer to the material append'ed to a particular sub-

routine writeup rather than to Appendices A or B of this primary report.

4r
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4A ROSPACE CORPOAATI!)J.

PROGRAMMING HANDBOOK
COMPUTATION AND DATA PROCESSING CENTZR

FORToRAN Subroutine

May 1, 19to

12 > +0; Variable step-size mode of operation is used.
12 < O; Fixed step-size mode of operation ic used.

III; the first IB( < N) equations are tested to determine
wht-ther it is nece:ssary to halve, or possible to double,

the step-size or to proceed with a Cowell integration step.

JR; for a given ste'e-s7,e H, the Cowell integration step is H
and the Runge-Kutta integration step 4As H/IR. If IR = 0 in
the calling sequence, it will be set to 4.

ER= I.OE-S, where S is the numbet of signxf cant figures des1red.
If ER = 0 in the call sequence, it will be sz to IE-9.

HMIN is the minimum step size.

HMAX is the maximum step size, set to IEI18 if HMAX = 0 in t,
calling sequence.

YMT is the minimum yj value allowed for testing.
(See Appendix A, RW DE6F for further details.) (Page F-14)
If Ymin = 0 in the calling sequence, it will be set to 1.

DAUX is the location of the entry point of a subroutine which
evaluates the second-order derivatives. This must be defined
by use of an F car" in the main program and must use COMN

for input and outpt,.

Region T contains the following information prior to set-up entry:

T(2)= x , initial value of independent vriable.
T(3)= h , value of step-size.
T(4) y1

* values of dependent variables Yi

wk(3+-N) y=

T(4N) =

* values of the first derivatives yi

wt(3+2N) =y

T(IR-2N)=

( N values of the second derivatives y' to be supplied

T(3+3N) = y" by the auxiliary DAUX

Note: This region and the parameter N should be placed in CO1M4N since

it is necessarily referred to in the main program and in the
auxiliary. The cell T(l) is set up by the subprogram RW COW
and will contain N scaled at 35.

F-3
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AEROSPACE CORPORATION
PROGRAMMING HANDBOOK
COMPUTATION AND DATA PROCESSING CENTER

FORTRAN Subroutine
R COw
Page 3

May 1, 1961

b. Calling sequence for integrating one step:

CALL ELL (TEST)

Upon return from ELL, TEST will be plus if the integration was a Runge-
Kutta step and minus if the integration was a Cowell step.

a. Calling Sequence for Special Usage (See Appendices A and B, RW DE6F)(PsgesF-li and F-18)

CALL BULL (K,H)

K = 1. Running change of coordinates. After any Cowell integvation
-iep(TEST = -), this entry will initialize the beginning of a change
of coordinates. Starting with the present values, one beg ,hs to save
eight consecutive sets of y starting at T(1IN+4) (and y' starting at
T(3N+4) if they appear in t&e yj). He continues to use the integration
entry above. The next seven integrations will be Cowell steps and
all testing will be discontinued during this period. After the eighth
set of yi(YJ7 ), and Yi(Y17 ) if necessary, have been stored, the user
may change the second derivative evaluation routine DAUX and the units
of x fnd h. The units of the eight sets of yj and y may be changed
while storing each set or after all eight sets have been stored. When
another tegration step is asked for, the routine will perform the
change of coordinates and proceed to a Cowell integration step. The
routine will be ready for another change of coordinates and will operate
under standard conditions.

K = 2. Change of step-size, not prior to a change of coordinates.
During the integration procedure, the user may wish to output for, a
specific value of x without interrupting the Cowell/Runge-Kutta
integration procedure. Or, he may wish to change the value of the
step-size h prior to a running change of coordinates. He can do this
after any integration entry with the following procedure:

With the new value of H, CALL BULL (2,H).

Thus, the integration step will be h/R. Continue with the regular
intmgration entry to integrate further.

K = 5., This is simply a direct transfer to the Runge-Kutta integration
subroutiue and should be used to end exactly at a specific value of x.
The integrrxtion step will be H. This procedure could be used in the
middle of the integration procedure if 2. above is used immediately
afterwards to rebtart in the Cowell/Runge-Kutta system.
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AEROSPACE CORPORATION

PROGRAMMING HANDBOOK
coMPuTATION AND DATA PROCESSING CENTER

FORTRAN Subroutine

Page 4
May 1, 1961

If a change of step-size prior to a change of coordinates is desired,
the user must prevent the routine from doubling again until after
the change of coordinates. The following sequence will accomplish
this:

1) CALL BULL (4,H), value of H is ignored.

2) CALL BULL (2,H) -see option K = 2.

After the change of coordinates:

3) CALL BULL (5,H), value of H is ignored.

'Number of Pages

Write-up 4
Listing 21
Total *
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(AEROSPACE CORPORATION

PROGRAMMING. HANDBOOK
COMPUTATION AND DATA PROCESSING CENTER

D2 faiction 10
RWDE5F
Page 1

Identification June 29, 1959

RWDE5F: Floating Point Rung-Kutta Integrmtion of Second-OrLer Equations
704 -SAP
J. F. Holt) June 29, 1959
SpAce Technology Laboratories, Inc.

Purpose
To solve a set of N simultaneous second-order, ordinary differential equations, in
which first derivatives may or may not appear.

Restrictions

No internal checks are made for overflow or underflow. The user must provide an
auxiliary subroutine which evaluates tue second order derivatives. Initial condi-
tions must be set up prior to the first entry.

Method

A fourth order Rung-Kutta mathod* is used for second-order equations of the general
type, y"=f(xy,y'). However, the subroutine can alia be used for special second-
order equations, y"=f(xy). (See Reference and Appendix A.) (Page F-a)

While input and output to the routine are single precision, double precision is
used internally in the calculation of the dependent variables and the first deriva-
tives in order to control round-off errors. Truncation error can be controlled by
choosing an appropriate step-size.

Before returning to the main program, both entries utilize the auxiliary subroutine (
to compute the second derivatives. Thus, the values of the variables and deriva-
tives are consistent at all times.

Usage

Calling sequence to set up a problem:

A. With lst Derivatives B. Without 1st Derivatives

Loc. Instruction Loc. Instruction

a TSX DE5F,f4 a TSX DE5F, 4
a+i PZE T,O,V a+l MZE T,O,V
a+2 Return a+2 Return

Calling sequence to integrate all variables one step:

Loc. Instruction Comments

a TSX DE5F+l,4 Integration entry. The step-size
a+i Return h may be varied with each entry.

The address T is the first of 9N+3 cells ;rranged as follows:

Loc. Contents Comment.

T PZE N,1O,0 N is the number of equations. Fixed point.

* J. B. Scarborough, Numerical Mathematical Analsis.
3rd Ed.. JohnsHopkins Press, Baltimore, 3955. (pp,300-301)
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AEROSPACE CORP'ORATION
PROGRAMMING HANDBOOK

JR RCOMPUTATION AND DATA PROCE S I N CENTER

D2
RWDE5F
Page 2

Usage - continued June 29, 1959

Loc. Contents Ccnmnt

T+I x Value of Independent variable. Floating point.
T+2 h Value of step-size. Floating point.
T+3 ylthru Values of dependent variables Yi.

to YN Floating point.

T+N+3 y thra Valuer of first derivtivs yi.

to yi Floating point.
T+2N+3 yj thr Locations where the user's auxiliary

subroutine must store the second deriva-

to yj tives Y1.

T+3X+3 etc. 6N cells of temporary storage.

T+4N+3 through T+5N+2 and, T+8N+3 through T+9N+2 of the 6N cells of temporary
storage contain the least significant parts of y and yi respectively. Thee. 2N

c~lls must be preserved throughout the integration procedure. The other 4N cells
of temporary storage may be utilized between integration steps. T through T+3N+2
(except for varying the step-size) must also be preserved between integrations.

The address V is the entry point of the auxiliary subroutine urich evaluates and

oostores the second-derivatives y' and is entered by the calling sequence:

Loc. Instruction Comments

a TSX V,4 Index registers need not be saved by the
a+I Return auxiliary subroutine.

User must return via TRA 1,4 from V.

Space Requirements

212 cells of program and constants.
3 cells of CCMON through CC0N + 2.

Timng

Set-up Time:

.012 (12N + 152) ms. + time for 1 entry to the auxiliary subroutine.

To integrate one step:

1. With lst Derivatives
.012 (474N + 182) me. + time for 4 entries to the auxiliary subroutine

2. Without 1st Derivatives
012 (381 + 182) as, + time for 3 entries to the auxiliary subroutine

Number of es
Writeup
Appendix

Listing

F-7



-')PROGRAMMING HANDEOOK
COM PUTAhT I N AN D AM TA P OOM A O iNG -P-NT M M

DZ
RWD575
Page , 95
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Method

Reference: J. B. Se&rborough. Humrical Analysis,
3rd Ed... JohnsHokin PRs Belt4re 1955.

Let the system of equations to be solved be given in the form:

y,(xO) - Yo) Y1 (%) - Yao

tect Yi ndYn be the 'values of y andy. at x -x.; fin be the second deri'vative
of y, at x - xn; and h be the increment (step-size) of the independent variable x.

The 1uge-Kttta for=ulas (Ref. (1), pp.300-301) used in this subroutine axe as
follows:

k.l - h fi (xn, yin' in)

ki3 - h f_ (xh +- h - +*ki, yjn + ±) C '
) k. hf:i.Xn +hnhYin+TYin +±3' 2n + k. 3 )

, Z '~Yln a h L" '1+*k'12 + ki 2  + ki)]

Yi=n+ i2nk+ kh n

y±Nn+. 4Yn + Yi Yi

k -.:( (x(St derivativein mis.,+_ yi+ng)
.~di -+3 " h i ( + h, i + k 13 .+ ki P.

ki- F-8

follwingRang-Kuta fomlas

Fi "rn Y-in
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4!) continued

4_A'Yin r, (k~1 + 4k + k13/

.ee~ln3 1A%"

week14 of (2) is nov ri3 of (4i).

The subroutine can be made to take advantage of this fact by a simple change in the
calling sequence--thus spaeding up the integration process.
The user must provide a starting value for h. Since each integration step is
indapendent, the *alue Of h may be changed at will between integration steps. Nega-
tive values of h may be s-Lipjled for backward integration.

Except for the initial xtarting conditions, the values of y and y: are kept in
double precision. All intrmediate values, which a' *upplled for the user's
auxiliary program, are done in single precision. The equations of & Yi and Ay i
have been modified as follows:
5) + h , [Y*3 + kq3

(.6) A'yin -iO( + 2kh + 2k13 + k1)

where the k* = f (x,y,y') (i.e., not niltiplied by h).

The values of k* in these equations are accumulated in single precision. These
sums re multiplie,1 by h/6, and the most and least significant parts of this pro-
duct are used to cmplete the formation of Yi'n+l and Ynil in double precision.

These double precision *lues of si'n+l and are sved for the next integra-
tion step.

The values of the variables and derivatives (i.e., ax,y, and y ) are consintent
at the end of each integration step.

Number of pages

Writeup 4
Listing 4

Total 8
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Identification

1W DE6F Floating Point Cowell (Second Sum), Runge-Kutta
Integration of Second-Order Equations

* 709/7090 SCAT
J. F. Holt and W. G. Strang, August 10, 1959
Space Technology laboratories, Inc.

Purpose

To solve' a set of N simultaneous second-order ordinary dl±erential equa-
tionms, in which first derivatives may or may not appear.

Restrictions

No internal checks are made for overflow or underflo)w. The user must pro-
vide an auxiliary subroutine which evaluates the second-order derivatives.
The initial conditions must be set up prior to the first entry.

Method

A fourth-order Runge-Ktta method**(IJ DE5F) is used to start the integration
and to change the step-size during integration. A Cowell "second-sum" method
based on sixth differences is used to continue the integration. While input (
to this routine is single precision, double precision is used internal!y to
control round-off errors. Truncation error can be controlled by choosing an
appropriate step-size, or by using the variable step-size mode of operation.
The set-up entry uses the auxiliary subroutine to evaluate the second-order
derivatives. The values of the variables and derivatives are consistent
at all times. A detailed description of the method used is available in
Ap-ndix A. (Page F-14.)

Usage

Calling sequence to set up a problem:

Ioc. Instruction Cominents

Tsx IE6F,4 Set up entry

1+i PO T,O,V Option, addresses of storage and auxiliary
subroutines.

c+2 P1 B,0,R Option ard Parameters

E+3 DEC IE-S S is the number of significant figures desired.

** J. B. Scarborough Numerical Mathematical Analysis, Third Edition, Johns
Hopkins Press, Baltimore, 1955 (Pp. 301-302)

* Modificd by Jim Holt, Aerospace Corporation, April 1, 1963. 1,

F-1O
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Usage (continued)

Loc. Instruction Ccmments

a+4 IEC hin Minimm step-size. Floating point.

a+5 IEC h Maximum step-size. Floating point.max

.+6 DEC Ymin Minimum yi value alloed for testing.

Floating point. (See Appendix A
for details of Ymin• ) (page F-14.)

Calling sequence to integrate all variables one step:

TSX IE6F+l,4 Integration entry.

0+1 Return Sign of AC will be plus if the integration
was Runge-Kutta and minus if Cowell.

The address T is the first of 30N+3 cells arranged as follows:

T PZE N,0,0 N is the number of equations. Fixed point.

T+I x Value of independent variable. Floating
point.

T+2 h Value of step-size. Floating point.

T+3 thru Yi thra Values of the dependent variables y."

T+N+2 YN Floating point.

T+N+3 thru y' thrua Values of the first derivatives y .
T+2,N+2 Floating point.

T+2N+3 thru Y Locations where the uses auxiliary sub-h Yroutine must store the second

T+3N+2 y derivatives y"

T+3N+3 thru T+30N+2 271 cclls of temporary storage.

T+3N+3 tbxu T+9N+2 (6N) are used by the Range-Kutta siubroutine (FU DE5F).
T+4N+3 thru T+5N+2 and T+8N+3 thru T+9N+2 contain the least significantparts (except when a hange of coordinates is in progress) of yi' and y.

respectively, and must be preserved throughout the entire integration

procedure. The final 211 cells of the T storage are used by the Cowell
subroutine and must also be preserved. (See Appendix B for a detailed
description of these 27N cells.) (Page F-18.)

when a oF-clle 5i rges)fjny
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The address V is the entry point of the auxiliary subroutine which evaluates

the derivatives Y" and is entered by the calling sequence:

Loc. Instruction Comments

TSX VI1 Index registers need not be saved in V.

1+i Peturn Return must be made via a TRA 1,4.

'e firsL B (< N) equations are tested to determine whether it is necessary
to halve or possible to double the step-size or to proceed with a Cowell
integration step.

For a given step-size h, the Cowell integration step is h and the Raunge-
Kutta integration step is h/R.

Options

P0 = PZE ist derivatives are present in the evaluation of the second
derivatives.

= W2E ist derivatives are missing in the evaluation of the second
derivatives.

P1 = PZE Variable step-size mode of operation is used. (
= HE Fixed step-size mode of operation is used.

If IE-S, hi, h , and yn are not specified (0 in first calling sequence),
the subroutine will set them to IE-9, 0, 1E18, and I., respectively.

Special Usage (See Appendices A and B for complete details.)(PagesF-14, F-lE)

The following special usages are possible:

1. Running change of coordinates.
2. Running start.
3. Change of step-size by use in the Cowell/Runge-Kutta system.
4. Change of step-size for a final integration or at some prescribed

value of x.

Space Required (In addition to T and V).

955 cells of program and constants. (Includes DE5F)

44 cells of CON40N thru COMON + 43.

Timing
Set-up time. (V=time for 1 entry to the auxiliary subroutine.)

.00218 [121T + 512] Ms. +;.-
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Tiirmg (continued)

To integrate one step:

1. ringe-Kutta (AC--+ after an integration return.)

a) With Istderivatives.

.00218 [4761 + (8N+18)/ + 240] ms. + h-7.

b) Without ist derivatives.

.00218 [383N + (8N + 18)/R + 210] ms. + 3V.

2. Cowell (AC= - after an integration return.)

a) With 1st derivatives.

.00218 [290IN + 92B + 194] Ms. + 2V.

*+.00218 M 14N + 88B + 341] ins. if previous integrationva
Runge -Khtta.

b) Without 1st derivatives.

* .00218 [2334N + 9B+ 194l  ms. + 2V.

* +.0028 F214i + 88B + 34] mns. if previous integration-V.;s

L ~ Runge-Kitta

3. Change of Coordinates. (In addition to first part of 2A or 2B)

.00218 [2286N] + 8V.

Number of Pages

Writeup 4
Appemdix, A 4
Appendix B 7

-
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APPENDIX A - THCD

This routine is prepared to solve the following systea:

1) y - fj (xYi ...,yl ''Y i 1, 2,..., V

Yi(xo) = Yio: Y.(x o J
In case none of the fi involve the first derivatives y!, time is saved by indicating:

this in the set-up. The Runge-Kutta routine RWDE5F is used to start the integration
and also to change the step-size h. The user must ark for each integration step,
and the routine will follow this sequence:

h start1. R RunTge-Kutta, steps of size R are taken to obtain Yi.' Yj, ."R Yil"

This is continued until we reach Y 6' yi6: Y 6 after a total of 6R Runge-

Kutta steps. The integer R (=4 if unspecified) simply allows Runge-Kutta
to operate at a smaller step than the main program.

2. For each of the N equations, that part of the difference table above the
diagonal line is constructed in three steps.

AI
io

IIII
il TT io I

Aic
III V

12 il Aio

'F14 13 12 il

i5I
--1 14 A -. I -9-3.V

FiA ''±8 Y

?(

'F165 F- 14

TT

-1t4
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APPENDIX A (Continued)

First the known y 0 through Y 6 are differenced to give the right half of the table.

Next are calculated in extra precision:

y) "F 2 Ci, -C C A .c6 AVI
) 14= - o i3 C2 A I2  4 1 6 io

Y13 y, - AI .D2 Al D A"I3) '-4 = - Do ±j 1; 13 i 2  3 i2

D IV D V D VSD4 Ai . D5 i l 6 i 0

The table is then completed down to the diagonal line, by requiring the difference
between any entry and the entry above to equal the entry to the right. The constants
used in equations (2) - (7) are given in the description of the Livermore Cowell
routine.

3. Before going to a Ccwell step, thi step-size h is tested. The tests are omitted,
however, if the user so indicates in the initial calling sequence, in which case h
is fixed. Only the first B equations are used to test, where 1<BN and B = N(if unspecified. We determine--

a AVil I f 3-S
V max ( ' y ) if V hen the

ratio of 5th difference to function is too large--if El decimal places are to be
retained at that step. Therefore, h is reduced to h/2 and Runge-Kutta re-entered
for another sequence of 6R steps'. These begin with the latest calculated values
( Yi6) and no ground is retnaced. The constant, Ymi (=1. if unspecified)

prevents division by y near a zero; for example, in sine calculation Ymin=.l
avoids difficulty near 1800. The integer S, taken as 9 if unspecified, allows a
larter h if chosen smaller, say S = 7.

o:- l - S  103-S
2 < - ve proceed to a Cowell step.

IO-I-S
If V < -- we may be able to dcuble h. We test farther to see that

hmax I-) [ o-'

and if so, we re-enter Runge-Kutta after replacing h by 2h, since the step-size h
has led to needlessly small difference to function ratios. Of course, h S not
halved or doubled if this would violate h,,, or which are 0 and 10 ifunspecified.

[I
r_____________ 5___
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4. The Cowell integration begins with predictions--

4) Yi7 =h 2  ("Fi 8 
+ NY6 + N1 A5 + + N6 AV 0 )

5) Y17 h ('F17 + *oY6 + kl 15 + • + k6  
v o

These use the row of the difference table above the diagonal line; only this row is
needed for a Cowell step and is kept up to date a i the integration proceeds. (We
mention that the above prediction for Yi7 is omitted in the missing first derivative

option.) Now from yi 7 and yi7, we obtain i nd then complete the row of differ-
ences out to Ailunder the diagonal line in the table. With this row, we calculate

final corrected values--

6) VI
6) ih2 ("FI + Boyj7 + • • • + B6 t i)

('IF. A il )
7) Y7= h ("Fi 7 + '0y 7 + + B6  VC

From these we get cozrected values for Y17' and recalculate the entire row under

the diagonal line. This completes the integration step. Using the new row of
diff6rencesa the next step begins by testing the step-size (i.e., at 3.).

Further Properties Of The.Program

In some problems, information about the first derivative (velocity) may be less reliable
than information about the function (position). The user may then choose a "running
change of coordinates" or a "running start;" these depend on the fact that with 8
consecutive values of the Yi (and the Y. in case first derivatives are present in the fi)

the Cowell part of the program can be self-starting. The mathematics is simple: step
No. 1 is omitted, and No. 2 modified to calculate "i4 and "Fi 5 from Eq. (2) (instead of

Vji4 and 'r14) . The differenco table may again be completed, and Cowell integration

begins. The user, having tested the AC to establish that the previous step was a Cowell
step, begins a running change of coordinates by setting cell DE6F + 500 to non-zero.
He then sets up a counter and begins immediately to store 8 consecutive values of the
,Y. startina at T+U+llN (and v t at +A1nw +, T+3+ 4P +I., . -... 4-. f4. # .

changing the 'oordinates the 8th time, the user may change the second derivative evalua-
tion routines; Lf x and h are to be in new units this should also be done. When another
step is asked for, the routine will form a difference table in the new coordinates and
proceed to a Cowell step.

F-16
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APPENDIX A (Continued)

The mechanics of a running start are similar; after going through the set-up routine,
the user loads his values of yio through Y17 (and the y, if needed in the fi ) into the

same locations as above and makes the required transfer.

There may also be occasions on which the user will wish to modify h himsF!Lf; e.g., if
he wishes to produce the numerical solution at some prescribed value of x, or if he
wishes to approach a running change of coordinates at a step-size smaller than that
being used by the routine. The technique of modifying h is described in Appendix B.
(Page F-18.)

F-17
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APPENDIX B

USAGE AND CODING INFORMATION

There are essentially two entries to the subroutine. The first entry must be made once
at the beginning to set up the addresses, options) parameters, Ltc. of the routine for
integration of N simultaneous second-order, ordinary diffetrential equations, in which
first derivatives may or may not appear. The first entry utilizes the auxiliary sub-
routine to evaluate the second-order derivatives at the initial conditions. Thus, the
initial conditions must be set up prior to the first entry. The second entry may be
used any number of times after the first to integrate all y from x to x+h by a Cowell
step; or x to x+h/R by a Runge-Kutta step.

The first entry has the following calling sequence:

Loc. Instruction Cozments

a TSX DE6F,4 Setup entry.

a+l PO TO,V Option, addresses of storage and auxiliary subroutine.

a+2 P1 B,O,R Option and parameters.

a+3 DEC lE-S S is the number of significant figures desired.

a+4 D ' hmi n  Minimum step-size. Floating point.

a+5 DEn. hmax  Maximum step-size. Floating point.

a+6 DEC Ymin Minimirm Yi value allowed for testing. Floating point.

a+7 Return

(a+i): T is the address of the first word of a block of 30N+3 cells of temporary

storage arranged as follows:

Loc. Contents Coments

T PZE N,0,0 N is the number of equations. Fixed point.
T+l x Value of independent variable. Floating point.

T+2 h Value of step-size. Floating point.

T+3 thru yi thruf Values of the dependent variables yi.

T+N+2 YN J Floating point.

T+N+3 thru yl thru Values of the first derivatives y1.

T+2N+2 y | Floating point.

T+2N+3 thru yi thru Locations shere the user's auxiliary subroutine must

T+3N+2 J store the second derivatives y". Floating point.

T+3N+3 thru T+30N+2 27N cells of tetporary storage.

F-i8
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APPENDIX B (Continued)

The next 27N storages of T are temporary storages. The Runge-Kutta subroutine uses
the first 6N cells (T+3N+2 thru T+9N+2) and the Cowell routine uses the final 21N cells
(T9N+3 thru T+30N+2). :1owever, if a change of coordinates (see SPECIAL USAGE) is
made, the Cowell routine will also use the first 6N cells. The attached T STORAGE CHART
shows the setup of the entire T region. The N cells starting at T+5N+3 and the N cells
starting at T+6N+3 are used by the Runge-Kutta subroutine to compute A'yiN and A YiH'
However, A 'y and 6 YiN are destroyed before final exit, and these cells contain

intermediate values of no significance to the user. The left side of the chart shows
the storage for the normal case where 6R Runge-Kutta steps are taken (using the first
9N cells of T for each integration) before an attempt is made to proceed to a Cowell
step. At the beginning of each set of R steps, the Cowell subroutine saves the values
of the second derivatives (7 sets starting at T+IIN+3). In addition) the values of
Yi3 and Y13 are saved, starting at T+9N3 and T+lON+3 respectively, for use in the

central difference equations where Fi4 and 'F,4 are calculated. Care must be exercised
in using certain values in the temporary region. For instance, after a Runge-Kutta
integration step, the most significant values of y and y,, starting at T+1N+3 and
T+3N+3 respectively, will be the values of the previous integration; while the least
significant values of y and y , starting at T+8N+3 and T+4N+3 respectively, vill be

_V"  the values of the present integration. The Cowell routine also saves the least signifi-
cant values of yi and y, (unless a change of coordinates is in progress) in these same

storages at the end of each integration. The 11N storages starting at T+19N+3 contain
the right half of the N difference tables, an example of which is shown in Appendix A. (p F-14)
The right side of the chart shows other values which are stored in the T region during a
change of coordinates and will be explained later under SPECIAL USAGE. Even though only
one symbol is given (yio, etc.), it should be understood that N values are stored as in

the left side of the chart. Thus, Yio signifies Y'O: Y20, Y30 ' ' ' 
' YNO"

The address V is the entry point of an auxiliary subroutine which the user must provide
to evaluate the second derivatives Y1. This subroutine must store yT in T+2N+3 through

T+3N+2 as shown above. The subroutine is entered by the calling sequence:

Loc. Instruction Comments

TSX v,4 Index registers need. not be saved.

a+l Return Return via a TRA 1,4.

, ' The derivatives y" are evaluated during the setup and at the end of each integration

steD. Thus. the values of t.he _r lp- aiien the arivagtives a-re con-is+nt ata .,- time.
Extra precision is recommended for tne evaluation of the second derivatives yi.

P0 should be set to PZE if the first derivatives are present in the evaluation of the
second derivatives. If first derivatives are not present, PO should be set to ME.

4W
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APPEMDIX B (Continued)

(a+2): P1 should be set to PZE if a variable step-size is wanted. For a fixed step-
size, P1 should be set to MZE. The forier allows doubling and halving while the
latter restricts the routine to a fixed h. The user may change the mode of operation
externaly at any time by setting cell DE6F+501 to plus for a variable step-size and
minus for a fixed step-size.

Only the first B (l< B N) equations are tested to determine doubling or halving of h.

Thus, the user should arrange the N equations in descending order of importance, and
specify B accordingly. IJ: B = 0 in the calling sequence, it will be set to N.

R is 'the ratio of the CoV- ll step-size to the Runge-Kutta step-size. Thus, smaller
integratioa steps can be taken in the Runge-Kutta subroutine by setting R greater

than 1. If R - 0 in the calling sequence, it will be set to 4. R is saved in the
decrenent of cell DE6F+516 and in floating point in cell DE6F+517. After any Cvwell
integration step (AC--), the user could change R by changing BOrf of these cells.

(a+3): IE-;S is a floating point number where S is the number of sign!icant figures
of accuyacy desired at each step. The user should experiment with S to fit his own

particular -problem. The 1 of IE-S may also be varied from I to 9 (IE-S thru 9E-8)
for a finer degree of control over the accuracy testing. If IE-S=O in the calling
sequence, it will be set to 1E-9.

(a+4): hmin is a floating point number giving a lower bound for h, hmin is saved

in cell DE6F+509 and can le changed at any time.

(a+5): hm x is a floati'ig point number giving an upper bound for h. If hmax=O in

the calling sequence, the upper bound will be set to 18. hm x is saved in cell

DE6F+510 and can be changed at any time.

(a+6): Ymin is a positive floating point number which is used in testing the step-

size. If ymiu=O in the calling sequence, it will be set to 1. Y is saved in

cell DE6F+5ll and can be changed at any time.

If the fixed step-size mode of operation is selected (Pl=14ZE), then B, 1E-5, hmin,

hmax, and Ymin are all ignored by the subroutine. (If PI=MZE, set B = 1 for maximum

efficiency.)

The integration entry has the following calling sequence:

Loc. Instruction Comments

a TSX DE6F+I,4 Integrates all variables one step.

a+1 Return

F-ZO
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APPENDIX B (Continue&)

Upon return from the integration entry, the accumulator will be plus if the integration
was a Runge-Kutta step and minus if the integration was a Cowell step. ordinarily, x

will have been advanced to x + h/R for a Runge-Kutta step and to x + h for u Cowell step.
However, in the variable h mode, it is possible that the value of h in T+2 prior to the
integration entry has been changed to, h/2 or 2h. In this case, the integration step
will be a Ruavige-Kutta step, and the value of x will be either x + h/2R or x + 2h/R. All
values of yi, Y'Y and y! will be consistent with the new value of x. The user must
never change the value of the step-size h except as described under SPECIAL USAGE.

Special Usa (See Appendix A. Further Properties Of The Program.) (Page F-16.)

1. Running change of coordinates. (Normal Entries.)

After any Cowell integration step (AC=-), the user may initialize the beginning
of 4 change of coordinates by setti- g cell DE6F+500 to non-zero. Starting with the
present values, he begins to save eight consecutive sets of y. starting at T+lLN+3

(and y' starting at T+3N+3 if they appear in the yv). He continues to use the integra-

tion entry above, The routine will detect the non-zero value stored in cell DE6F+500
and will begin a count-down in cell DE6F+502 from 8 (-1) 0. The next seven integrations
will be Cowell steps and all testing will be discontinued during this pe"iod. After the
eighth set of yi (y17 ), and y, (y 7 ) if necessary, have been stored (DE6F+502 will have
a fixed point 1 in the address), the user may change the second derivative evaluation
routine V and the units of x and h. The units of the eight sets of y, and y, may be

changed while storing each set, or after all eight sets have been stored. When another
integration step is asked for, the routine will perform the change of coordinates and
proceed to a Cowell integration step. Cell DE6F+500 will be restored to zero, and an 8
will be restored to the address .f cell DE6F+502. Thus, the routine will be ready for
another change of coordinates and will operate under standard conditions.

2. 1unning start. (Special Entry.)

A running start is similar to a running change of coordinates except that the
user must suply all eight sets of yi (and y' if necessary) at one time. The following

sequence of operations must be followed:

A. Set up the initial conditions in the T storage. Only N, x, and h are
needed, although th. eight sets of y (but not y') can also be stored
at this time. x must correspond to and h must be the interval at

h7
which the Y, have been obtained. Thus, x = x0 + 7h where x0 corresponds

to y. (and yb).

B. Use the first entry calling sequence to set up all parameters and options.

Te V subroutine will be used but will have no effect on the problem. Also,
cells T+4N+3 thru T+5N+2 and T+8N+3 thru T+9N+2 will be set to zero. Thus,
the eight sets of y' must be stored AFEMR the setup entry.

F-Zi
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APPENDIX B (Continued)

C. Store eight consecutive sets (equal intervals) of yi starting at cell T+3lN+3

(and eight consecutive sets of y' starting at cell T+3N+3, if needed).

D. 1Eecute the following calling sequence one time:

Loc. Instruction Comments

a TSX DE6F+!6,4 Enter only once.

a+1 Return integrates 1 step.

E. Continue with the regular integration entry (TSX DE6F+I,4) to integrate
further. Step D integrates all variables one Cowell step, and x(x O + 7h)

is advanced to x + h(x 0 + 8h). From this point, the routine will operate

under normal conditions.

3. Change of step-size in the Cowell/Runge-Kutta System. (Special Entry.)

During the integration procedure, the user may wish to output for a specific
value of x without interrupting the Cowell/Runge-Kutta integration procedure. Or, he
may Wish to change the value of the step-size h prior to a running change of coordinates.
He can do this after any integration entry with the following procedure:

With the new value of h in the AC, (
Loc. Instruction Comments

a TSX DE6F+,z,4 Changes h and zterts new series of 6R

a+J. Return Runge-Kutta steps.

Thus, the integration step will be h/R. Continue with the regular integration entry
(Tsx DE6F+,I4) to integrate further.

It the above procedure is being used to reduce the step-size prior-to a change of
coordlnates, the user must prevent the routine from doubling again until after the
change of coordinates. Doubling can be prevented either by storing zero in cell
ID67+510 (hx), or by setting cell DE6P+501 (fixed step-size) negative prior to the

above entry. After the change of coordinates, the user may restore the above cells.

4. Change of step-size for a final integration. (Special Entry.)

This is simply a direct transfer to the Runge-Kutta integration subroutine
and should be used to end exactly at a specific value of x.

After changing the value of h in T+2,
Loc. Instruction Coment

a TSX DE6F+588,4 Integrates one step with the Runge-Ktta,

a+1 Return subroutine.

,-2 K -7 I=-
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APPENDIX B (Continued)

The integration step will be the value of h in T+2. This procedure could be used in
the middle of the integration procedure if 3. above (TSX DE6F+22,4) is used immediately
afterwards to restart In the Cowell/Runge-Kutta system.

In addition to the user's auxi-liary subroutine and the 30N+3 cells for the T storage,
the storage requirements are 955 words for RWDE6F plus 44 words of COMON.

The value of the independent variable x is accumulated in double precision when

incremented by h. The least significant part of x is saved in cell DE6F+718.

F -23
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T N x h

T+3 Yl Yz "N Initial conditions which user must supply.

T 3 yi, yi .

T+2N+3 Y! Y2 . . y 2nd derivatives stored by V subroutine.

T+3N+3 yj y2 I . yj Most significant Y10  yj0  Coordinate Change

y' LT+east significant yiI, y 8 sets of consecu-

T+5N+3 A y{ A y- . . A Destroyed by R.K. y y tive y' saved by

T+6N+3 Ayi Ay . . A yj Destroyed by R.K. Yi I Y 3  user if y"=f(x,y,

T+7N+3 y y2 yN Most significant yj4,y4 y'). Cowell

T+8 3 y1  y . * yN ast significant Y 5  
y :t  stores y," over

T+9N+3 Y13  Y23 " YN3 Saved for central Y16 y 6  Y1.

T+ON+3 yi3 Y23 .." y difference equations. y71 Y17

T+fl.N+3 y10  y;0  40 y Normal Case. YoCoordinate Cag

T+12N+3 y y2 1  " " yN Saved from 6R R-K y i, 8 sets of consecu-

T+13N+3 y y1 2  . . y 2  steps. used to form Yi tive y saved by

T+IN+3 y13 Y23  " 3 ifference tables ia y13 user. Cowell uses
T+15N+3 y y2 . . y an attempt to proceed (with V sub) to

1++3 y 5 7 to Cowell step. fi5 for above.

T+17N+3 yi6  Y 6  . Y16

T+18N+3 Used only if coordinates changed. Y7

T+19N+3 A VI AV &1 IV &III A 11  1' " ' 'F ' 
11NW storages.

AI A III AII AI , 'ts of
T+19N+14 2 22  23 z4 2 5  Y1"6 "28 "F28 "27 'F2 7  torS differences

T+19N+25 A I& V AIV A i A n '1IF 'F saved for

30 A32  A32  A 33  A3  A35  26 : 37. 37
. .. Sig SigSigse. Sig.I $(See App. A)

T+3N-8 A N A A AN, N5 YN6 "LN8 'FNB 'FN7 'FN7  (Page F-44)
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Identification

IN FINP - Decimal, Octal, BCD, Variable Data Input
7090 FAP Suibroutine

W. J. Stoner, August 24, 1961
Aerospace Corporation

Parpose
To read a set of Hollerith punched data and/or header cards into core with
one FORTRAN CALL statement.

To convert the data fields to binary and store in core according to their
associated converzion codes.

Restrictions

This routine uses (CSH)S to accomplish the BCD card image read. Tape
troubles or other errors from this routine are indicated by the print-out
of HPR 1,4.

This routine uses (EXE) to print HPR 2,4 in case of errors such as non-
Hollerith characters, data out of range, illegal format, subscripts too

'- large for the array previously defined, etc. Upon detection of any error,
control is immediately sent to (EXE) anD no more cardt are processed.

Method

Decimal numbers are converted to binary integers and then scaled to the
indicated power of ten.

Octal numbers are converted to binary integers.

Hollerith words are stored directly.

Range: Decimal to floating binary conversion 10
Decimal to fixed binary; 1 to 9 digits*
Decimal integer to binary integer; I to 5 digits
Octal integer to binary integer; 0 to 235 - i

*the magnitude of the number depends upon the location of the
decimal point.

Usage

Format:

I. The data card formatjavallable on keypunch form M-l, consists of
four subfielde containing the conversion code, location, numbv,
and exponent respectively.
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Data Field Data Field Data Field Data Field

Sub field 1 2 3 4

Conversion code 1 19 37 55
Location 2-6 20-24 38-42 56-60
Value 7-16 25-34 43-52 61-70
Exponent 17-18 35-36 53-54 71-72

where conversion code is one of the alhabetic characters defined
below which specifies the type of conversion to be used on the
value field, the location specifies the cell into which the zonverted
value field in to be stored, the value subfield contains the data
to be converted, and the expopent contains the 'mower of ten by which
floating data is to be scaled, or the location of the binary point
of fixed point data.

2. The header card format consists of a conversion code in column 1,
a sequence number in colums 2-6 and any Hollerith information in
columns 7-72.

Decimal Points:

Decimal points may be placed anywhere in the value field except that they
ny not occur in the same column as a minus sign (11 puncth) since this
results in a non-ollerith character. If the decimal point would
normally appear at the right of the number puched in the value field)
then it Is optional.

Minus Signs:

Minus signs are 11 punches over any digit of the field. If all of tho
available columns of the field are not used, minus signs ray' be p=unched
as the left character of the field.

Values:

Values .jst always be written to the extrape left of a field. It is
not necessary that the entire field be f lled as the first blank
denotes the end of value. Supeluous low order zeros should be omitted
as they increasa conversion error.

The only exception to partial fielft is 30I data where the entire field,
including blanks, is stored.

Location:

array name, or the elemet subicr4-pt In a one or two dimenso:al array.
If the locations contains five digits, it is interpeted as octalo
All five columns muat be punchea for octal locatios,,

F-26
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If the location contains at least one (1) non-numeric character, it is
interpreted as a variable or array name which must appear exactly as
given in the CALL statement (see Calling Sequence below). The contents
of the number and exponent fields, if they are numeric data, are szored
in the cell for the variable or the first cell for the array. This
locatio" then beeomej the origin for all subscript locations following
until another variable or array name !a encountered. Caution must be
taken to load an array name prior to subscript locations.

If the location conta.!ns four or fewer digits, it is interpreted as a
subscript except Zor conversion code H explained belw. Single
dimension array subscripts must be left-Justified with leading zeros
optional. Two dimension array subscript3 must be denoted by two sub-
fields of two columns each containing i and J respectively. The i and J
subfields must be separated by a eomma and must contain two-digit
integers.

If the location is left blank, then the location counter within the
routine is decreased by 1 and the associated number io stored in the
cell immediately preceding the cbll where the last number was stored.
Thus, an entire array may bc read in by spccifying the initial location
only.

Conversion Codes:

Blank: Floating decimal

i' he number in the value field times the power of ten in the expouant
field is converted to flxiting binary. Checks are made for overflow
and format errors.

F: Fixed decimal

The number in the value field is converted to fixed point binary and
stored with the binary point located at the position specified by the
number in the exponent field. An ove,flR eLr check is made.

I: Decimal integer

The number i, the value field is converted to a fixed point binary
integer with the binary point following position 17. The exponent
field is ignored. A decimal point is considered'an error.

B: Octal

The value plus exponent fields are converted as P. logical octal word.

It is not necessary to include leading zeros but the first octal digit
must always occupy the leftmost position of the field.

F-27
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D: BCI Data

The contents of the value plus exponent fields are interpreted as two
BCI words and stored in two consecutive cells in descending order
beginning at the location specified by the location field.

H: Heading Card

A card with an H in column 1 is considered a BC1 heading card. If the
location field is blank, the card is ignored. If the location field
contains a left-justified one to four digit positive decimal integer
V (octal, negative, or variable locatiors are not permitted), columns
7-72 of the card are stored directly in 11 consecutive words in
descending order. The location of the first of these words is calculated
by the rcutine as HEAD (I+ll*(V-1)) where HFAD is defined as the last
variable or array named in the CALL statement. Each card may be used
as one record of output using FORMAT option A with column 7 of the card
providing the code for printer spacing on output.

A: Variable names as data

The inlue plus expopwnt fields are interpreted in a , .ado FAP instruc-
tion format AAAAA T DDDDD P where the fields to repl3Ae are address, tag, (

dzcrement and prefix respectively. The address and decrement fields are
defined normally to be 5 characters and the tag and prefix as one octal
numeric character each. Any field containing less than the normal number
of characters mist end with a conma while fields of normal length must
not. Any address or decrement field containing less then 5 numeric
characters is converted as decia~l while those of all 5 numeric charst-
ters are converted as octal. Any address or decrement field conte~uing
at least one non-numeric chAracte: is interpreted as a variable or array
name. Variable addresses cause thG entire word from the compiler
generated calling sequence to be loaded into the location word (i.e., the
TSX X is stored in the location specified if X is the variable appearing
in the address field). Variable decrements cause the right-most 18
bits from the compiler generated calling sequence to be loade into the
location word's prefix and dearement. Numeric tags and prefixes are
loaded directly into the corresponding parts of the location words.
Null fields are not loaded. Since the first blank indicates the end of
the loading of a word, address only, addrers-tag, address-tag-decreament,
or entlxe word may be loaded as desired.

2: Temporary Origin

The value in the first location field on the card is used as a temporary
origin '!cr vuules. Tht location is saved and if data cards follow
with blank locrtLon fields the corresponding data is stored consecutively
in -descending order beginning with the cell specified in the location
in the G card. Columns 7-72 are ignored and may be used to identify +he
table.

7A
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The first non-blank location starts a new origin. If this non-blank
location is a subscript, it references the last variable or array
name(., which may or may not have been on the G card.

J: Transfer

The location specified with this prefix must be an octal address and

Is the only part of the data field that is interpreted. The subroutine
causes a transfer to the octal location specified and does not interpret
the remaining fields on the card.

L: Two dimension array , a definition

MxUmax

The location field contains the name of the array to be loaded.
The value field is defined to consist of 2 subfields, separated 1y a
coma, of 2 columns each containing the two-digit decimal integers for.
imax and 3max respectively where imax and Jmax get, ally appear in a

DIMENSION statment. The I and ' values are retained to compute
the successive subscripted T ationsmutil redefined. Dlnk address
fields may follow this array definition if successive elements o the
array are to be loaded.

M: Two dimension array imax, Jmax definition

Conversion is identical to L except the entire array 1s preset to zero.

E: End Case

This defines an end-ofcase and control is returne to the FORTRAN
object program. The rest of this field and the remaining fields ,on the
card are ignored.

Calling Sequence:

The following two types of CALL statements may be used:

I. CALL PINP (n$XYZETA-..,nHXnY®ZETA...),where

A. n is the number of variables and/or arrays in the list, excluding
n itself.

B. X, Y, Z9TA,... are the nameb of variables and/or arrays restricted
to at noet A~.+~ A An a^'rM.w _14A .h4. imoni

C. m is 6 times n. Hence, mH allows for "6n Hollerith characters to

follow.

F-Zn,
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D. X@Y(ZA@ ... is a list f the items W--iously sued in
exactly the same ordet with Qi indicating the number, i$
of blanks necessary to provide six Hollerith ch&,iacterx for each
item. Since each item we is restricted to 5 characters, the
minimum value of (Ni

11. CALL FINP (0) where the number of items is given as zero. This UAL
statement must be used only after a CALL statement of type I has
been executed. When the subroutine encounters a zero for the
number of items, it immediately refers to the last executed CALL
FINP with a non-zero number of items for the names of the items to
be loaded.

Space Requirements

613 cells.

Number of Pages

Writeup 6
Listing _12._ C
Total 18

~i
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Identification

ASC GRAV - Gravitational Force Components
709/7G90 FAP Language Subroutine*
R. J. Mercer, 30 August 1963
Aerospac2 Corporation

Purpose

Compute the components of Oe gravitational force, as derived from a general
earth potential function, in a local horizontal coordinate system, and, optior.-
ally, obtain by rotation the components in an equatorial system with either the
Greenwich-meridian or an inertial direction as principal axis.

Restrictions

Only 18 cells are currently provided for the storage of sin X nm and cos Xnm'

This is sufficient for n2 = 4. For larger values of nZ, the BSS instructions at

the end of the subroutine must be appropriately modified.

GRAV refevs to, but does not include, the subroutin6s SIN and COS.

Mathematical Method

The-potential function is

Z~~ P (sin~ p) + E, Ejr J(sin T) coo m (X~\)

where

is the product GM of the Newtonian gravitational constant
and the mass of the earth,

r, 'P, f arethe geocentric distance, geocentric latitude and (east)
longitude-oil a point,

ae is the mean equatorial radius of the earth,

j n' Jnm are, numerical coefficients,

P n is the.Legendre polynomial of the first kind of dogree n,

P M is the Legendre associated function of the first kind,n

are longitudes associated with the T

* Easily converted to SCAT; see Usage.

F-3i
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In the local horizontal coordinate system, in which the coordinate axes are
directed Up (along the radius vector), East and North (see figure), the force
components are

aU
9U ='F

r n-s2

n. ,2
+ E E (n+l) ) J( e) e(sinc) coo (-M)

n*2 ml(

1 au

-9Z r oo o -LL 2u ~ n a

+~ ~ E: 1)- P* ((sin sino m- )

co-2' =2 mal

The Legendre functions and their derivatives are co~ued froui the recursion
formulas

' (8 n > - (n - n-2 (sin ) + (2n - 1). sin p Pn-1 (sin pe)

Li n

P~siEp -(nrnl +(2n-l(in uincscp
nn

cosco0 n -cos 2 n-rn

P(sin cp) (n F2

nF-31
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P* (in c) im(sin qp)
el~~~~~sin~~O (f O P=( )snr -- -

Vm(sin ~

j%* se f te qotiet -nco cp---avoids numei'ical difficulties at high latitudes

-nthe equation for gz.
The emponenta of the force vector in an equatorial coordinate system with x

in the direction of the Greenwich meridian are(x s\ (cos cpcoosX -sin h -sin ycooaX

gy oo si X coo X -sin(Pasin) X gz

The ec.ponents in an equatorial inertial coordinate system with x in the

dircton f (Yrnl quiox ar otaiedbya similartrnfomtion iu vich

UP Squatorial Plane

Inertial
reference

GreewichDirection of
tesseral bulge

F-33 -
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The subroutine is written in the FAP language for use with FORTRAN II
programs, in which arrays are stored backwards. With three simple
changes, which are carefully described in the comments of the symbolic
cards, the subroutine can be assembled for use with machine language
programs in which arrays are stored forwards.

The subroutine has an initial, a regular and a third entry point. In the
initial entrance, all addresses are set up from the calling sequence. and
certain preliminary computations are performed. At the regular entrance
(for which no calling sequence is used), the force components are evaluated
using the options and the locations of the constants and variables (input and
output) specified in the initial entrance calling sequence.

The initial entry to the FAP version must be with the statement:

CALL GRAYI (GM, AE, FNl, FJN, FNZ, FJNM, FLNM, 0PI, cbPZ, ARG,
GLH, GX, 0P3, A, B, C, D, E, F, G, R, U)

Only address set ups and preliminary computations are performed; the
acceleration components are not evaluated. The regular entry is with the(
statement

CALL GRAV

The machine language version is entered initially with

TSX GRAV + Z, 4

, PZE GM

. PZE AE

: (etc.)

PZE U

Normal return

and for the computation of acceleracion components with

TSX GRAY, 4

[o.rma return

F-34



AEROSPACL CORPORATION

RPROGRAMMING HANDBOOKI COMPUTATION AND DATA PROCESSING CENTER

CO

ASC GRAV
Page 5
30 August 1963

In numerical integration, it is often unnecessary to recompute the pertur-
bative accelerations for the corrector step. A third entry

CALL GRAVZ

or TSX GRAV + 3, 4

provides this option. When so used, the subroutine uses the last-computed
summations, but recomputes - p and the rotation matrix before forming gu,

E gN' gx y, gz and U.

The subroutine-arguments are the 22 locations

GM, GM=p

AE a

M n, (floating point)

FJN Array containing J2 ),~j J3  ' ... ,

M n2 (floating Point)

FJNM Array containing J21) j 31 " 1~* n-1 j22' 132Y *. jfl2  ...3 j

FIr4 Array containing A. (in degrees) in likis order

OP Zero for longitude input; non-zero for right ascension input (see ARG).

OP2 Positive for rotation of output to inertial coordinates (right ascension

input, OP 0, must be. used); negative for rotation of output to earth-

fixed system; zero for no output rotation.

AEG Array containing, in order, ,he input variables

sin X, cos A if On = O
r. sin cp, cos cp,

(sin % , cos G' sin a, coo a! if Pl j 0

GLH Output -rray containing accelerations gU' g' N 'in basic local

horizontal coordinate system.

GX Output array containing (if OP2 L 0) accelerations in chosen (see P2)

(I- equatorial coordinate system.

F- 5
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OP3 Non-zero if individual terms in the components of GLH are to be saved
in regio ns A, B, ... , G- Zero if not. (Regions A, B, ... , Gare no
cleared by GRAV.)

ea)n
A Array conbaining (if P3 0 ) An -(n + i) Jn(i P, (sin tp)

7(

for n=2, N..

B Array; B. n + 1) T i r" (suinF ,) in or a in rim.

r n

pac ee (squ ir)

F Arrayv; D.r =( -n m pin sin (P con

(, Arrsy; coo m(X - X ra in like o'r

R Rotation m~atrix., stored b7 eolus , specified by 0.

U The value of the potential function.

, , Space Required

48Z cells.

Checkout

All intermediate results were hand computed for a case with n1  4, n 2.

Spot checks were made on many other cases, in which the various options

Number of Pages

Writeup 6

F-3 6
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13 ABSTRACT

The TRACE-D computer program is designed for use on the IBI
7094 machine as the principal tool in design and analysis studies of
all aspects of orbital operations. Its principal characteristics are
completeness of the equations of motion, a comprehensive set of
differential correction parameters, and the ability to simultaneously
process observations of several satellites taken by a number of
different types of sensors. The report includes objectives, equations,
program structure, and complete instructions for input data pre-
paration and program operatiop.
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